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Heat CONDUCTION

Heat transfer through a body from HOT to COLD region.
No mass movement unlike in CONVECTION.
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Fourier’s law

Fourier’s law of heat conduction

J = −κ∇T (x)

κ – thermal conductivity of the material.

Using Fourier’s law and the energy conservation equation

∂ε

∂t
+∇J = 0

gives the heat DIFFUSION equation:

∂T
∂t

=
κ

c
∇2T

Thus Fourier’s law implies diffusive heat transfer.
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Fourier’s law

Joseph Fourier (∼ 1810).
- Quantitative theory of terrestrial temperatures.

HOT UNIFORM BALL SURFACE

∆

T
(~ 3000 C )

~ 20 C/Km 
o

o

HOT COLD

Age of earth - 200 million years

Use of PDEs’ in formulating physical problems.

Fourier series.
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Proving Fourier’s law

Proving Fourier’s law from first principles (Newton’s equations of motion) is a
difficult open problem in theoretical physics.

Review article:
Fourier’s law: A challenge for theorists
(Bonetto, Rey-Bellet, Lebowitz) (2000).

It seems there is no problem in modern physics for which there are on record as many false starts,
and as many theories which overlook some essential feature , as in the problem of the thermal
conductivity of nonconducting crystals.
R. Peierls (1961)
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Theory of heat conduction

Equilibrium Systems

As far as equilibrium properties of a system are concerned there is a well defined
prescription to obtain macroscopic properties starting from the microscopic
Hamiltonian – Statistical mechanics of Gibbs and Boltzmann. For a system in
equilibrium at temperature T :

F = −kBT ln Z Z = Tr [ e−βH ]

Phase space density : ρ(r1, . . . , rN , p1, . . . , pN) =
e−βH

Z

Nonequilibrium Systems

Heat conduction is a nonequilibrium process and there is no equivalent statistical
mechanical theory for systems out of nonequilibrium.

We do not have a nonequilibrium free energy.

For a system in contact with two heat baths we not know what the appropriate
phase space distribution is.

Open system description – sometimes need to consider properties of baths
also.
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Theories of heat transport

Kinetic theory

Peierl’s-Boltzmann theory

Green-Kubo linear response theory

Landauer theory – This is an open systems approach especially useful for mesoscopic
systems.

Nonequilibrium Green’s function formalism

Langevin equations and Green’s function formalism
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Kinetic theory

Heat conduction in a dilectric crystalline solid: Basic microscopic picture
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Ion Electron

Heat is carried by lattice vibrations or phonons.

In metals both electrons and phonons carry heat.
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Kinetic theory for phonon gas

x

Simplest “derivation” of Fourier’s law.
Heat carried by phonons which undergo collisions at time intervals ∼ τ - hence do random walks.
Let ε(x) = be energy density at x and v = average velocity of particles. Then:

J =
1
2

v [ε(x − vτ)− ε(x + vτ)] = −v2τ
∂ε

∂T
∂T
∂x

= −v`K c
∂T
∂x

Therefore J = −κ
∂T
∂x

with κ = v`K c

where c = specific heat , `K = mean free path .

Can calculate thermal conductivity κ if we know average velocity, mean free path and specific heat
of the phonons.
This “derivation” assumes diffusive behaviour and therefore Fourier’s law
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Boltzmann equation approach

f (r, p, t): local density of phonons.

∂f (r, p, t)
∂t

=
∂f
∂t
|drift +

∂f
∂t
|collision

Problems with B.E

Localized particles.

No rigorous derivation (with some exceptions)..

Nonlinear equations. Solution require further assumptions.

No role of reservoirs.

Relaxation time approximation leads to kinetic theory like results with

κ =

Z
dωv`(ω)C(ω, T )D(ω).

The mean free path is calculated from impurity scattering or phonon-phonon interactions
(Umpklapp processes).
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Linear response theory

Start with equilibrium phase space distribution corresponding to Hamiltonian H0:

ρ(r1, . . . , rN , p1, . . . , pN) =
e−βH0

Z
〈J〉 = 0

.

Add perturbation to H0:

H = H0 + Vest , V = −e
X

φ(xi ) , E = ∇V

Solve eqn. of motion ∂ρ
∂t = −{ρ, H} to linear order in V to find ρneq = ρeq + δρ .

Calculate 〈J〉 = σE . This gives:

σ = lim
τ→∞

lim
L→∞

1
kBTLd

Z τ

0
〈J(0)J(t)〉eqdt
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Problems

For heat conduction, a mechanical derivation is difficult since ∇T (unlike E = −∇φ ) cannot
be treated as a perturbation of the Hamiltonian. Derivation requires LTE assumption and the
Einstein relation between σ and D.

κ = lim
τ→∞

lim
L→∞

1
kBT 2Ld

Z τ

0
dt〈Jx (t)Jx (0)〉 ,

Need infinite system size limit

Derivation of Ohm’s law using Green-Kubo linear response theory is on a firmer footing than
the derivation of Fourier’s law.
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Results so far

All the standard theories of transport involve uncontrolled
approximations and do not provide a “proof” of Fourier’s law.

Direct studies (simulations and exact results) in one and two dimensional
systems find that Fourier’s law is in fact not valid. The thermal conductivity is
not an intrinsic material property.

For anharmonic systems without disorder , κ diverges with system size L as:

κ ∼ Lα 1D
∼ Lα′ , log L 2D
∼ L0 3D

A.D, Advances in Physics, vol. 57 (2008).
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Experiments

.

Breakdown of Fourier’s Law in Nanotube Thermal Conductors

C.W. Chang,1,2,* D. Okawa,1 H. Garcia,1 A. Majumdar,2,3,4 and A. Zettl1,2,4,+

1Department of Physics, University of California at Berkeley, California 94720, USA
2Center of Integrated Nanomechanical Systems, University of California at Berkeley, California 94720, USA

3Departments of Mechanical Engineering and Materials Science and Engineering, University of California at Berkeley,

California 94720, USA
4Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

(Received 11 March 2008; revised manuscript received 9 July 2008; published 15 August 2008)

We present experimental evidence that the room temperature thermal conductivity (�) of individual

multiwalled carbon and boron-nitride nanotubes does not obey Fourier’s empirical law of thermal

conduction. Because of isotopic disorder, �’s of carbon nanotubes and boron-nitride nanotubes show

different length dependence behavior. Moreover, for these systems we find that Fourier’s law is violated

even when the phonon mean free path is much shorter than the sample length.

DOI: 10.1103/PhysRevLett.101.075903 PACS numbers: 65.80.+n, 63.22.Gh, 73.63.Fg, 74.25.Kc

PRL 101, 075903 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

15 AUGUST 2008

FIG. 3 (color online). (a) Normalized thermal resistance vs

normalized sample length for CNT sample 4 (solid black

circles), best fit assuming � ¼ 0:6 (open blue stars), and best

fit assuming Fourier’s law (open red circles). (b) Normalized

thermal resistance vs normalized sample length for BNNT

sample 2 (solid black diamonds), best fit assuming � ¼ 0:4

(open blue stars), and best fit assuming Fourier’s law (open

red circles).
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Experiments

.

Lattice thermal conductivity of graphene flakes: Comparison
with bulk graphite

D. L. Nika,
a!

S. Ghosh, E. P. Pokatilov,
a!

and A. A. Balandin
b!

Department of Electrical Engineering, Nano-Device Laboratory, University of California–Riverside,
Riverside, California 92521, USA and Materials Science and Engineering Program,
Bourns College of Engineering, University of California–Riverside, Riverside, California 92521, USA

sReceived 2 April 2009; accepted 27 April 2009; published online 19 May 2009d

The authors proposed a simple model for the lattice thermal conductivity of graphene in the

framework of Klemens approximation. The Gruneisen parameters were introduced separately for

the longitudinal and transverse phonon branches through averaging over phonon modes obtained

from the first principles. The calculations show that Umklapp-limited thermal conductivity of

graphene grows with the increasing linear dimensions of graphene flakes and can exceed that of the

basal planes of bulk graphite when the flake size is on the order of a few micrometers. The obtained

results are in agreement with experimental data and reflect the two-dimensional nature of phonon

transport in graphene. © 2009 American Institute of Physics. fDOI: 10.1063/1.3136860g

APPLIED PHYSICS LETTERS 94, 203103 s2009d

(RRI) July 2010 16 / 51



Experiments

.

LETTERS
PUBLISHED ONLINE: 9 MAY 2010 | DOI: 10.1038/NMAT2753

Dimensional crossover of thermal transport in

few-layer graphene

Suchismita Ghosh1, Wenzhong Bao2, Denis L. Nika1,3, Samia Subrina1, Evghenii P. Pokatilov1,3,

Chun Ning Lau2 and Alexander A. Balandin1*

Graphene1, in addition to its unique electronic2,3 and optical
properties4, reveals unusually high thermal conductivity5,6.
The fact that the thermal conductivity of large enough
graphene sheets should be higher than that of basal planes
of bulk graphite was predicted theoretically by Klemens7.
However, the exact mechanisms behind the drastic alteration
of a material’s intrinsic ability to conduct heat as its
dimensionality changes from two to three dimensions remain
elusive. The recent availability of high-quality few-layer
graphene (FLG) materials allowed us to study dimensional
crossover experimentally. Here we show that the room-
temperature thermal conductivity changes from ∼2,800 to
∼1,300Wm−1 K−1 as the number of atomic planes in FLG
increases from 2 to 4. We explained the observed evolution
from two dimensions to bulk by the cross-plane coupling of
the low-energy phonons and changes in the phonon Umklapp
scattering. The obtained results shed light on heat conduction
in low-dimensionalmaterials andmay open up FLG applications
in thermalmanagement of nanoelectronics.

One of the unresolved fundamental science problems8, with
enormous practical implications9, is heat conduction in low-
dimensional materials. The question of what happens with thermal

materials systems. Thermal transport in conventional thin films still
retains ‘bulk’ features because the cross-sections of these structures
are measured in many atomic layers. Heat conduction in such
nanostructures is dominated by extrinsic effects, for example,
phonon-boundary or phonon-defect scattering18. The situation has
changed with the emergence of mechanically exfoliated graphene—
an ultimate 2D system. It has been established experimentally
that the thermal conductivity of large-area suspended single-layer
graphene (SLG) is in the range K ≈ 3,000–5,000Wm−1K−1 near
room temperature5,6, which is clearly above the bulk graphite limit
K ≈2,000Wm−1K−1 (ref. 7). The upper boundK for graphene was
obtained for the largest SLG flakes examined (∼20 µm×5 µm). The
extraordinarily high value of K for SLG is related to the logarithmic
divergence of the 2D intrinsic thermal conductivity discussed
above7,8. TheMFP of the low-energy phonons in graphene and, cor-
respondingly, their contribution to thermal conductivity are limited
by the size of a graphene flake rather than byUmklapp scattering7,19.

The dimensional crossover of thermal transport, that is,
evolution of heat conduction as one goes from 2D graphene to
3D bulk, is of great interest for both fundamental science8 and
practical applications9. We addressed this problem experimentally
by measuring the thermal conductivity of FLG as the number(RRI) July 2010 17 / 51



Experiments

.

2 layers

3 layers

4 layers

Multiple layers

Kish graphite

HOPG

105

In
te

g
ra

te
d

 R
a

m
a

n
 i

n
te

n
si

ty
 (

a
.u

.)

T
h

e
rm

a
l 

c
o

n
d

u
c

ti
v

it
y

 (
W

 m
¬

1
K

¬
1 )

104

0.5 1.0 1.5 2.0 2.5 3.00

Laser power on the sample (mW)

3.5 0 1 2 3 4

Number of atomic planes

Room-temperature measurements

Maximum5

Average value for SLG

High-quality bulk graphite

Regular bulk graphite

Theory prediction
Theory prediction with increased roughness

5 6 7 8 9

6,000

5,000

4,000

3,000

2,000

1,000

a b

Figure 2 | Experimental data. a, Integrated Raman intensity of the G peak as a function of the laser power at the sample surface for FLG and reference bulk

graphite (Kish and highly ordered pyrolytic graphite (HOPG)). The data were used to determine the fraction of power absorbed by the flakes. b, Measured

thermal conductivity as a function of the number of atomic planes in FLG. The dashed straight lines indicate the range of bulk graphite thermal

conductivities. The blue diamonds were obtained from the first-principles theory of thermal conduction in FLG based on the actual phonon dispersion and

accounting for all allowed three-phonon Umklapp scattering channels. The green triangles are Callaway–Klemens model calculations, which include

extrinsic effects characteristic for thicker films.
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Experiments

.

+

Science 10 August 2007:

Vol. 317 no. 5839 pp. 787-790

DOI: 10.1126/science.1145220

REPORT

Ultrafast Flash Thermal Conductance of Molecular Chains

Zhaohui Wang
1,*
, Jeffrey A. Carter

1,*
, Alexei Lagutchev

1,*
, Yee Kan Koh

2
, Nak-Hyun Seong

1,*
,

David G. Cahill
2,3

 and Dana D. Dlott
1,3,†

Author Affiliations

†
 To whom correspondence should be addressed. E-mail: dlott@scs.uiuc.edu

* These authors contributed equally to this work.

ABSTRACT

At the level of individual molecules, familiar concepts of heat transport no longer apply. When large

amounts of heat are transported through a molecule, a crucial process in molecular electronic

devices, energy is carried by discrete molecular vibrational excitations. We studied heat transport

through self-assembled monolayers of long-chain hydrocarbon molecules anchored to a gold

substrate by ultrafast heating of the gold with a femtosecond laser pulse. When the heat reached the

methyl groups at the chain ends, a nonlinear coherent vibrational spectroscopy technique detected

the resulting thermally induced disorder. The flow of heat into the chains was limited by the interface

conductance. The leading edge of the heat burst traveled ballistically along the chains at a velocity of

1 kilometer per second. The molecular conductance per chain was 50 picowatts per kelvin.

Heat transport is central to the operation of mechanical and electronic machinery, but at the level of individual

Prev | Table of Contents | Next
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Experiments

.
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Results of our group

Questions:

Find nonequilibrium steady state properties ( heat current, temperature profile)

Necessary conditions on a microscopic model for the validity of Fourier’s law ?
Role of disorder, nonlinearity, dimensions.

(i) J ∼ 1
L ? OR κ = JL/∆T ∼ L0 L = system size.

(ii) Local thermal equilibrium.

For small systems (e.g. single molecule) look at heat conductance (INSTEAD of
conductivity). Landauer type approach.

Methods:

Simulations

Analytic: Langevin equations and Green’s function formalism (Landauer-like)

Linear response theory for open systems.
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Simulations

Simulations provide a powerful means of testing the validity of Fourier’s law.

T T
L R

J

Dynamics in bulk described by a Hamiltonian:

H =
NX

`=1

p2
`

2m`
+ U(x` − x`−1) + V (x`)

Boundary particles interact with heat baths. Example: Langevin baths.

m1ẍ1 = −∂H/∂x1 − γẋ1 + (2γkBTL)
1/2ηL

m`ẍ` = −∂H/∂x` ` = 2, . . . , N − 1

mN ẍN = −∂H/∂xN − γẋN + (2γkBTR)1/2ηR

In nonequilibrium steady state:
compute temperature profile and current for different system sizes.
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Landauer formalism

Open systems approach to transport.

Exact for non-interacting systems ( both phononic and electronic systems with quadratic
Hamiltonians).

Need to write Hamiltonian for both system and baths.

Current in terms of transmission coefficients.

Simple derivation using generalized Langevin equations approach.

A. Dhar and B. S. Shastry, PRB (2003)
A. Dhar and D. Sen, PRB (2006)
A. Dhar and D. Roy, JSP (2006).

For mesoscopic systems this is the most useful approach.
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Landauer formula for heat current

TL TR

J =
kB(TL − TR)

4π

Z ∞

0
dωT (ω) ,

where T (ω) = 4γ2ω2|G1N |2 , (Phonon transmission)

with the matrix G = [−ω2M + Φ− Σ]−1

M = mass matrix , Φ = force matrix

Σ is a “self-energy” correction from baths.

Quantum mechanical case:

J =
1

2π

Z ∞

0
dω ~ ω T (ω) [ fb(TL)− fb(TR) ]

where fb(ω) = (eβ~ω − 1)−1.
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Heat conduction in one-dimensional systems
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The Simplest models

Ordered harmonic Chain [Rieder, Lebowitz, Lieb (1967)].

TL TR

This case can be solved exactly and the nonequilibrium steady state distribution function
computed. One finds
J ∼ (TL − TR) unlike expected (TL − TR)/N from Fourier law.
Flat Temperature profiles.

No local thermal equilibrium. Fourier’s law is not valid.

This can be understood since there are no mechanism for scattering of phons and heat transport
is purely ballistic. In real systems we expect scattering in various ways:

Disorder: In harmonic systems make masses random.

Phonon-phonon interactions: In oscillator chain take anharmonic springs ( e.g
Fermi-Pasta-Ulam chain ).
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Disordered Harmonic systems: Results in 1D

TL TR

Exact expression for nonequilibrium heat current [“Landauer-like” formula for phonons.]
In classical case:

J =
kB∆T

2π

Z ∞

0
dωT (ω) ,

where T (ω) is the phonon transmission function.
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Anderson localization

Electrons on a 1D lattice with onsite disorder.

H =

N−1X
l=1

−t[c†l cl+1 + c†l+1cl ] +
NX

l=1

εl c
†
l cl

{εl} = [−∆, ∆].

Oscillator chain with random masses.

H =
X

l=1,N

[
p2

l
2ml

+ ko
x2

l
2

] +
X

l=1,N+1

k
(xl − xl−1)

2

2

ko, k > 0, {ml} = [m −∆, m + ∆].

In both cases: all eigenstates are exponentially localized.
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Character of normal modes of a disordered crystal
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Disordered Harmonic systems: 1D

Anderson localization implies: T (ω) ∼ e−L/`(ω) with `(ω) ∼ 1/ω2 for ω → 0 .
Hence frequencies ω

<∼ L−1/2 “do not see” the randomness and can carry current.
These are the ballistic modes.

Hence J ∼
R L−1/2

0 T (ω)dω.

Form of T (ω) (at small ω) depends on boundary conditions.

Fixed BC: T (ω) ∼ ω2 J ∼ 1/L3/2

Free BC: T (ω) ∼ ω0 J ∼ 1/L1/2

If all sites are pinned then low frequency modes are cut off. Hence we get:

J ∼ e−L/` .

[Dhar, PRL (2001)]
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One dimensional disordered harmonic chain

Almost all normal modes of the chain are localized and their amplitude at
the boundaries is exponentially small (in L) leading to transmission
decaying exponentially.

Low frequency modes are extended and transmit energy.

No Fourier’s law: Strong boundary condition dependence.

Heat insulator in pinned case.
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One-dimensional systems with nonintegrable interactions

Simulations

Momentum conserving system: FPU - model

H =
NX

l=1

p2
l

2m
+

N+1X
l=1

"
k2

(ql − ql−1)
2

2
+ k3

(ql − ql−1)
3

3
+ λ

(ql − ql−1)
4

4

#
.

Momentum non-conserving system: φ4 - model

H =
NX

l=1

"
p2

l
2m

+ ko
q2

l
2

#
+

X
l=1,N+1

k2
(ql − ql−1)

2

2
+

NX
l=1

λ
q4

l
4

.

Momentum conserving: κ ∼ L1/3.

Momentum nonconserving (pinned case): κ ∼ L0
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Interacting systems

Theory

Momentum conserving:

MC ( Lepri, Livi, Politi, Delfini ) κ ∼ L1/3, L1/2 ( odd, even )

RG ( Narayan, Ramaswamy ) κ ∼ L1/3 ( universal )

Kinetic theory ( Pereverzev, Lukkarinen, Spohn ) κ ∼ L2/5. ( even )

Momentum nonconserving (pinned case): κ ∼ L0 .

Long wavelength modes lead to slow decay of current-current correlations
and hence to anomalous transport.

Value of current depends on BCs, but exponents do not.
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FPU Simulations

Mai, Dhar, Narayan, PRL (2007)
Local thermal equilibrium in the FPU chain.
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FPU simulations

Mai, Dhar, Narayan, PRL (2007)
System-size dependence: Simulations with
(i)Langevin baths, (ii)Nose-Hoover baths.

101 102 103 104 105

jN
1-

α

N

γ=2 α=1/3
γ=2 α=2/5

γ=0.4 α=1/3
γ=0.4 α=2/5
γ=10 α=1/3
γ=10 α=2/5

NH α=1/3
NH α=2/5

κ(
N

)

κ ∼ N0.33.
Fourier’s law is not valid
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φ4 model simulations

0 0.2 0.4 0.6 0.8 1
i/N

0.8

1

1.2
T

i

N=64
N=256
N=1024

100 1000 10000
N

0.0001

0.001

0.01

J

J ∼ 1/N. Thus fiite κ.
Fourier’s law is valid
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Effect of interaction on localization (Numerical results)

Disordered φ4 model [Dhar and Lebowitz, PRL (2008)]

H =
X

l=1,N

[
p2

l
2ml

+ ko
q2

l
2

] +
X

l=1,N+1

k
(ql − ql−1)

2

2
+

X
l=1,N

λ
q4

l
4

.

{ml} = [m −∆, m + ∆]. Disorder → ∆ , Anharmonicity → λ.

100 1000
N

0.01

1

N
 [

<
J N

>
] λ=1.0

λ=0.5
λ=0.3
λ=0.1
λ=0.02
λ=0.004
λ=0.0

100 1000
0.001

0.01

0.1

1

10

ν=0.1
ν=0.02
ν=0.0

Dramatic transition: e−cN/` → 1
N

for small amount of interaction.
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Higher dimensional systems

What about systems in three dimensions ? Is Fourier’s law valid ?

Consider isotopically disordered dielectric crystals.

Heat conduction is through lattice vibrations .

Harmonic approximation: solid can be thought of as a gas of phonons
with frequencies corresponding to the vibrational spectrum of ordered
crystal.

Phonons get scattered by:
(i) Impurities
(ii) Other phonons (anharmonicity).

It is usually expected that these scattering mechanisms should lead to a finite
conductivity. - NO PROOF EXISTS.
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Questions for three dimensional systems

We ask the following questions:

Does an ordered anharmonic crystal have a finite thermal conductivity ?
Answer: YES

Does a disordered harmonic crystal have a finite thermal conductivity ?
Answer: Probably NO

Does a disordered anharmonic crystal have a finite thermal conductivity at all temperatures ?
Answer: Probably YES but mechanism is probably very subtle.

Phenomenological theories: Using mean free paths from Umpklapp scattering, Normal scattering
and Impurity scattering of phonons. (Ziman, Callaway, Klemens, ...)
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Our Approach

Consider the simplest models of 3D crystals.

Connect the system to heat reservoirs at different temperatures and compute the steady state
heat current J flowing through it (SIMULATIONS OR NUMERICS).

Thermal conductivity κ = JL/∆T .
Study different system sizes and see how J scales with L.

[EPL 90, 40001 (2010), PRB 81, 064301 (2010).]
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Heat conduction in mass disordered harmonic crystal

H =
X

x

mx

2
q̇2

x +
X
x,ê

k
2

(qx − qx+ê)
2 +

X
x

ko

2
q2

x

qx: scalar displacement, masses mx random.
ko = 0: Unpinned. (Free and Fixed BC) ko > 0: Pinned.
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Character of normal modes of a disordered crystal
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Nature of phonon modes

Kinetic theory and localization theory gives us two frequency cut-offs: ωK
c and ωL

c :

ω ωL
c

K
c

Ballistic LocalizedDiffusive

ω

1D : ωK
c ∼ ωL

c ∼ N−1/2

2D : ωK
c ∼ N−1/3, ωL

c ∼ [ln N]−1/2

3D : ωK
c ∼ N−1/4, ωL

c ∼ N0

Try to estimate the N dependence of J.
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Heuristic theory

Nonequilibrium heat current is given by the Landauer formula:

J =
∆T
2π

Z ∞

0
dω T (ω) ,

where T (ω) is the transmission coefficient of phonons.

Phonons can be classified as:

Ballistic: Plane wave like states with T (ω) independent of system size.

Diffusive: Extended disordered states with T (ω) decaying as 1/N.

Localized states: T (ω) ∼ e−N/`L .

Find contribution to J of the different types of modes and estimate the asymptotic size
dependence.

Ballistic contribution to current depends on boundary conditions.
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Predictions of heuristic theory

1D unpinned fixed BC: J ∼ N−3/2

1D unpinned free BC : J ∼ N−1/2

1D pinned: J ∼ exp(−bN)

These have been proved rigorously.

3D unpinned fixed BC: J ∼ N−1

3D unpinned free BC : J ∼ N−3/4

3D pinned: J ∼ N−1

2D unpinned fixed BC: J ∼ N−1(ln N)−1/2

2D unpinned free BC : J ∼ N−2/3

2D pinned: J ∼ exp(−bN)

We check these predictions numerically.
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Numerical approach

Current in terms of phonon transmission — Landauer-Like formula

J =
∆T
2π

Z ∞

0
dωT (ω) ,

where
T (ω) = 4Tr [G+(ω)ΓL(ω)G−(ω)ΓR(ω)]

and G+ = [−ω2M + Φ− ΣL − ΣR ]−1

ΣL,R = self− energy corrections from baths

ΓL,R = Im[ΣL,R ]

Use recursive Green’s function techniques.
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J-versus-N plots: 3D

Simulations and Numerics on N × N × N samples
EPL 90, 40001 (2010)
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FOURIER’S LAW NOT VALID FOR DISORDERED HARMONIC CRYSTAL
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Heat conduction in ordered anharmonic (FPU potential) crystal

H =
X

x

m
2

q̇2
x +

X
x,ê

k
2

(qx − qx+ê)
2 +

X
x

ν

4
(qx − qx+ê)

4

Simulations of three dimensional crystals with Langevin heat baths.
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Heat conduction in an ordered anharmonic 3D crystal

Results from nonequilibrium molecular dynamics simulations on N ×W ×W slabs.
AD and K. Saito, PRL 104, 040601 (2010).
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FOURIER’s LAW VALID IN 3D.
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Conclusions and open questions

Deriving Fourier’s law rigorously is a surprisingly hard problem. It is not valid in
low-dimensional systems.

The thermal conductivity κ is expected to be an intrinsic material property.
e.g at room temperature: κ = 0.025 W/mK (air), = 429 W/mK (silver), = 2000 W/mK
(Diamond) But the conductivity of nanotubes, nanowires and graphene sheets presumably
depends on the size of the sample!!

Fourier’s law not valid for a 3D disordered harmonic crystal. Thermal conductivity is infinite?
Fourier’s law valid for a 3D anharmonic crystal.
What happens in a disordered anharmonic crystal? How do we calculate the conductivity ?

The diffusion equation ∂T/∂t = D ∂2T/∂x2 is no longer valid in low dimensional systems.
So what is the correct hydrodynamic equation.

Effect of interactions on localization. Is it really true that the smallest amount of anharmonicity
destroys localization ? What about quantum systems ?

The Landauer open-system approach is useful both for mesoscopic and macroscopic
systems. Can it be extended to include the effect of interactions ?

Fluctuations in entropy production, large deviation functions and fluctuation theorems.
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