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Chapter 1

Introduction to area-preserving maps

In this chapter, we will review some of the basic concepts about area-

preserving maps. We will begin in Sec. 1.1 with some physical examples.

Sec. 1.2 will introduce the definitions followed by an overview of periodic and

quasi-periodic orbits in Sec. 1.3. We will discuss various symmetries in Sec. 1.4

and variational principles in Sec. 1.5. The KAM theorem and break-up of in-

variant tori are discussed in Sec. 1.6. We will end the chapter with a discussion

of Greene’s residue criterion in Sec. 1.6.1. This chapter constitutes a brief re-

view of the vast amount of research about area-preserving maps and is meant

merely to whet the appetite for the studies of reconnection, bifurcation, break-

up of invariant tori, and renormalization in the chapters to follow.

1.1 Motivation

Area-preserving maps arise naturally in various physical systems be-

cause they may be obtained as discretizations and/or approximations to Hamil-

tonian dynamical systems. Poincaré studied area-preserving maps in the con-

text of the restricted three-body problem and emphasized their importance for

the qualitative description of conservative dynamical systems. Indeed, Birkhoff
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noted[9, page 171], while discussing the Poincaré-Birkhoff fixed point theorem,

that

The reduction to a ring transformation is of fundamental theoretic

importance, quite aside from the relation to the question of periodic

motions.

These transformations have been studied extensively over the past century.

Thus a serious review of all the historical, physical, and mathematical aspects

would produce a prohibitively large thesis. Instead, in this section, we will

discuss some of the general techniques for obtaining such mappings and later

mention some of the specific problems of interest in plasma physics and other

areas of physics.

Consider an autonomous two degree-of-freedom Hamiltonian system.

Since energy is conserved, the motion takes place on a three-dimensional energy

surface, H(q1, p1, q2, p2) = const., of the four-dimensional phase space. Now,

if we consider a two-dimensional surface P , for example q1 = const., of the

energy surface, then the return map to P is an area-preserving map. The

surface P is called the Poincaré section. If the energy surface is compact, the

Poincaré recurrence theorem implies that such a map is defined for almost all

trajectories, i.e., almost all trajectories return to P . If the Hamiltonian can

be split into an integrable part and a perturbation, then we can find action-

angle variables for the integrable part. In these coordinates, the map can be

defined on the Poincaré section if the energy surface is compact. The map

corresponding to the full Hamiltonian can then be obtained as a perturbation

of the integrable map.
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We will illustrate this procedure with the example of the two-dimensional

harmonic oscillator with frequencies ω1 and ω2. The Hamiltonian in action-

angle variables

H(J1, J2, θ1, θ2) = ω1J1 + ω2J2 . (1.1.1)

The energy surface is J1 + J2 = E. If we take the surface of section to be

θ2 = 0, then we get the map in the (J1, θ1)-plane as follows: The trajectory of

any point (J, θ) in that plane is

J1(t) = J , θ1(t) = θ + ω1t , (1.1.2)

J2(t) = E − J , θ2(t) = 0 + ω2t , (1.1.3)

which returns to the surface of section θ2 = 0 at time t = 2π/ω2 at the point

(J, θ + 2πω1/ω2). This gives us the map of the surface of section

J ′ = J , θ′ = θ + 2π
ω1

ω2

. (1.1.4)

Note that in this case ∂θ′/∂J = 0 which is a direct consequence of ∂2H/∂J2
2 =

0. We will see that this condition will be very important later!

In general, if the Hamiltonian of an integrable system is

H = H(J1, J2) , (1.1.5)

3



the map for the θ2 = 0 surface of section will be

J ′ = J , θ′ = θ + w(J) , (1.1.6)

where

w(J) = 2π
∂H/∂J1

∂H/∂J2

∣∣∣∣
J1=J , J2=E−J

. (1.1.7)

For later use we note that

∂θ′

∂J
=

{
1

H2
2

[H1H22 +H2H11 − (H1 +H2)H12]

}∣∣∣∣
J1=J ,J2=E−J

, (1.1.8)

where Hi = ∂H/∂Ji and Hij = ∂H/∂Ji∂Jj.

If we add to the above Hamiltonian a perturbation of the form

H(J1, J2, θ1, θ2) = H0(J1, J2) +H1(J1, J2, θ1, θ2) , (1.1.9)

the return map to the surface of section can be written as a perturbation of

the “integrable” map of Eq. (1.1.6) in the following implicit form:

J ′ = J + f(J ′, θ) , θ′ = θ + w(J ′) + g(J ′, θ) . (1.1.10)

Area-preservation imposes the following condition on the functions f and g,

∂f

∂J ′
+
∂g

∂θ
= 0 . (1.1.11)

4



Choosing ∂f/∂J ′ = 0, i.e., f = f(θ) and g(J ′, θ) = 0 gives the generalized

standard map[47]:

J ′ = J + f(θ) , θ′ = θ + w(J ′) . (1.1.12)

Another example of an area-preserving map is from a one degree-of-

freedom system with a time-periodic Hamiltonian H(q, p, t + T ) = H(q, p, t).

The time T map of this Hamiltonian system is naturally area-preserving. To

find the image of a point (x, y), consider a trajectory (q(t), p(t)) starting at

(x, y), i.e., q(0) = x and p(0) = y. Define x′ := q(T ) and y′ := p(T ). Then

(x′, y′) = M(x, y) is an area-preserving map. In the case of a time-independent

Hamiltonian, the system is integrable and an exact map can be obtained. For

example, the map in terms of action-angle variables (J, θ) (obtained from (p, q)

coordinates by a canonical transformation) is

J ′ = J , θ′ = θ + T
∂H

∂J
. (1.1.13)

(One way to understand this is to go to the four-dimensional phase space with

θ, t as “angles” and J,E as “actions,” and then looking at the t = 0 mod T

surface of section.) In this case, Eq. (1.1.8) reduces to

∂θ′

∂J
= T

∂2H

∂J2
. (1.1.14)

In both of the above cases, the map can be found by solving, either

analytically or numerically, the equations of motion. The former can only

5



be done for the integrable case [for example, Eq. (1.1.6)], while the latter is

generally time consuming. Thus we look for an approximate expression such

as Eq. (1.1.10) for the map that retains the qualitative behavior of the system.

The main advantage of using maps is that it is much faster to iterate the map

a given number of times than to integrate the equations of motion numerically

through the same amount of time.

One of the two-dimensional Hamiltonian systems in plasma physics is

the system of equations for magnetic field lines. Any magnetic field in toroidal

geometry can be written[10] in the form

B(x) = ∇ψ ×∇θ +∇φ×∇Ψp , (1.1.15)

where Ψp(ψ, θ, φ) is the poloidal flux function. The equations for magnetic

field lines in these coordinates are written as

dψ

dφ
= −∂Ψp

∂θ
,

dθ

dφ
=
∂Ψp

∂ψ
. (1.1.16)

If we interpret φ as time and (ψ, θ) as canonical coordinates, then the above

are equations of motion for a “time”-dependent Hamiltonian Ψp. If Ψp is

independent of the time φ, then the system is integrable, θ and φ can be

interpreted as shown in Fig. 1.1, and ψ is the toroidal flux function.[10] In

this case, the Hamiltonian Ψp can be transformed to a function only of the

“action” ψ. In any event, because φ is an angular coordinate, the Hamiltonian

is naturally time-periodic Ψp(φ+ 2π) = Ψp(φ), and an area-preserving map is

obtained by considering the values of (ψ, θ) at φ = 0 mod 2π.

6



φ

θ

Figure 1.1: The coordinates φ and θ for toroidal geometry.

An important system in solid state physics where twist maps (to be

defined later) appear naturally is the Frenkel-Kontorova model of a chain of

coupled atoms.[4, 5] If {ui} are the locations of the atoms and L(ui+1, ui) is

the interaction between neighboring atoms, then the stationary configurations

of the system are given by extremizing the potential energy

φ[{ui}] =
∑

i

L(ui+1, ui) . (1.1.17)

(This sum is only formally defined. This is not a problem because we can

consider a finite number of terms for all the calculations such as finding the

extrema and then take appropriate limits.) Defining the “momenta” pi conju-

gate to ui by

pi :=
∂L(ui+1, ui)

∂ui

, (1.1.18)

the equation for extrema ∂φ/∂ui = L2(ui+1, ui) + L1(ui, ui−1) = 0 can be

written in the form

pi = −L2(ui+1, ui) , pi+1 = L1(ui+1, ui) . (1.1.19)

7



If L12 6= 0, these equations define (implicitly) a map (pi+1, ui+1) = M(pi, ui).

We can easily verify that this is an area-preserving map. This formulation

in terms of the “generating function” L is used to develop the variational

principle approach to studying maps. We will return to such an approach in

Sec. 1.5.

There are a vast number of examples of maps in various other areas

of physics. We will not review here all these applications. Some of these are

mentioned in the introduction to Chapter 2. Now, we will introduce the basic

definitions and techniques to be used later.

1.2 Area-preserving maps

A transformation M of a two-dimensional domain D onto itself, M :

D → D, is called an area-preserving map if the area of the pre-image of every

set with nonzero area is the same as the area of the set. If z = (x, y) ∈ D,

then the condition that the Jacobian determinant equal 1,

det

(
∂M(z)

∂z

)
= 1 , (1.2.1)

is sufficient for M to be area-preserving. We will focus on maps that satisfy

this condition and whose domain is the cylinder T × R where T is the circle

(i.e., one-dimensional torus).

The net flux for a map M is defined as follows: if A is the area of

a region between two non-contractible circles C1 and C2 on the cylinder, for

example, C1 = {(x, y)|y = 0} and C2 = {(x, y)|y = 1}, and if A′ is the area

8



M( )

+ +

−
−

C 2

C 1

C 2−

+

Figure 1.2: Net flux of the map is given by the area between M(C2) and C2,
taken with appropriate signs as shown.

of the region between C1 and M(C2), where M(C2) is the image of C2 under

M , then the net flux is the difference between areas of A and A′. By area-

preservation, the net flux is a property of the map M , independent of the

circles chosen. Hence this is also the area between C2 and M(C2) taken with

appropriate signs as shown in Fig. 1.2. If the net flux is non-zero, then the

map cannot have a non-contractible invariant circle. Since invariant circles

will be the main objects of concern, all the maps considered here have net flux

zero.

If f : R2 → R2 and g : R2 → R2 are two functions such that f(X +

1, y) = f(X, y) + 1, and g(X + 1, y) = g(X, y), where (X, y) ∈ R2, then the

map M : T× R → T× R defined by

(x′, y′) = M(x, y) := (f(X, y) mod 1, g(X, y)) , (1.2.2)

9



is an area-preserving map if it satisfies Eq. (1.2.1). In the above equation,

(x, y) ∈ T, X ∈ R is the lift of x ∈ T, and we will choose x ∈ (−0.5, 0.5].

Two functions f1(X, y) and f2(X, y) represent the same map if f2(X, y) =

f1(X, y) + k, where k is an integer. Since we will always be dealing with maps

of the cylinder, we will drop the mod 1 part and write the map in terms of

x instead of X.

A map that satisfies the twist condition,

∣∣∣∣∂x′∂y

∣∣∣∣ ≥ K > 0 , (1.2.3)

is called a twist map. If a map violates the twist condition locally or globally,

it is called a nontwist map. We will use the standard map:

y′ = y − k

2π
sin(2πx) , x′ = x+ y′, (1.2.4)

and the standard nontwist map (SNM):

y′ = y − b sin(2πx) , x′ = x+ a(1− y′2) , (1.2.5)

as examples of twist and nontwist maps respectively. Here, k, b, a ∈ R are

parameters. Note that for a = 0, the SNM reduces to

y′ = y − b sin(2πx) , x′ = x . (1.2.6)

This map is “globally nontwist” or “twistless,” i.e., ∂x′/∂y ≡ 0. It further

10



reduces to the identity map:

x′ = x, y′ = y, (1.2.7)

when b = 0. Thus, SNM belongs to a two-parameter family of maps connected

to the identity. As noted earlier, the map in Eq. (1.1.4) for the surface of

section of two-dimensional harmonic oscillator is also globally nontwist. We

will see later that small perturbations of a twistless map in general and of the

identity map in particular are difficult and interesting both numerically and

analytically.

For a 6= 0, the SNM is locally nontwist. It violates the twist condition

along a curve in phase space, {(x, y) |y = b sin(2πx)}, which has been recently

called the nonmonotone or critical curve.[62] This curve is not invariant under

the iterations of SNM except when b = 0. It is nontrivial to generalize the

notion of “critical” curve which is invariant even for b 6= 0 and we will discuss

this in detail in Sec. 2.1.

1.3 Periodic orbits and invariant tori

An orbit of a map M is the set of points {zi} such that Mzi = zi+1.

The winding number ω of an orbit is defined as

ω = lim
i→∞

Xi

i
, (1.3.1)

11



when the limit exists. Recall that X ∈ R is the lift of x ∈ T. If we write the

map in the form of Eq. (1.2.2), changing the function f by an integer shifts

the winding numbers of all orbits by that integer. Thus, winding numbers

are defined only up to an integer but are uniquely determined by choosing a

specific f .

There are essentially three types of orbits: periodic orbits, whose points

are mapped back to themselves after a finite number of iterations; quasiperi-

odic orbits, for which the iterates of any point come arbitrarily close to that

point without actually mapping back to the same point in any finite number

of iterations; and the chaotic or stochastic orbits which do neither of the above

- they “wander around” in phase space. In the following, we will define these

more precisely and discuss some of their properties such as linear stability.

A periodic orbit of period n is an orbit such that zi+n = Mnzi = zi

for all i ∈ Z and n is the smallest such integer. A periodic orbit has winding

number m/n if Xi+n = Xi + m. Thus, a periodic orbit consists of n points

which we denote by {z0, z1, . . . ,zn−1}. Note that each of these points is a

fixed point (periodic orbit with period 1) of Mn, the nth iterate of the map.

Thus, the linear stability is determined by the eigenvalues of

L := DMn|zi
= DM |z0

· DM |z1
· · · DM |zn−1

, (1.3.2)

where DM is the Jacobian matrix. The eigenvalues λ± of L are the roots of:

λ2 − Trace(L)λ+ det(L) = 0 . (1.3.3)
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SinceM is area-preserving, det(L) = λ+λ− = 1 and Trace(L) alone determines

the eigenvalues λ+ = 1/λ− and hence the linear stability of the orbit. Following

Greene[31], instead of using the Trace(L), we will use the residue which is

defined as

R :=
1

4
[2− Trace(L)] . (1.3.4)

The eigenvalues of L are

λ± =
Trace(L)

2
±
(

[Trace(L)]2

4
− 1

)1/2

= 1− 2R± 2
√
R(R− 1) . (1.3.5)

There are five stability types:

• R < 0 i.e. 0 < λ+ = 1/λ− ∈ R : The orbit is regular hyperbolic; succes-

sive iterates of the linearized map lie on the same branch of hyperbola.

• R > 1 i.e. 0 > λ+ = 1/λ− ∈ R : The orbit is inversion hyperbolic;

successive iterates of the linearized map alternate between two branches

of hyperbola.

In both the above cases, the invariant manifolds under the linearized

map L are lines of slope

m± =
λ± − a

b
=

c

λ± − d
, where L =

a b

c d

 . (1.3.6)

The stable and unstable manifolds of the map M are tangent to these

lines, i.e., these lines can be “extended” under forward (backward) iter-

ations of the map to get the unstable (stable) manifolds.
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• 0 < R < 1 i.e. λ+ = 1/λ− = e2πiθ : The orbit is elliptic. In this case,

nearby points rotate by an angle θ under DMn. Whenever λ± are mth

roots of unity, i.e., θ = l/m with l and m coprime integers, orbits with

period mn are born or absorbed.

• R = 0 i.e. λ+ = λ− = 1 : The orbit is parabolic. Parabolic orbits with

zero residue undergo tangent bifurcation.

• R = 1 i.e. λ+ = λ− = −1 : The orbit is parabolic. These orbits with

unit residue are on the verge of period doubling bifurcation.

Now, we discuss the quasiperiodic orbits. An invariant torus is a curve

C in phase space that is invariant under the map, C = M(C).

• There can be an invariant torus that is a continuum of parabolic periodic

orbits. These occur, for example, in the case of integrable maps. (In

the generalized standard map with k = 0, the circle w(y) = p/q is an

invariant circle of rational winding number.) But generically, periodic

orbits are non-parabolic and hence isolated from other periodic orbits of

the same winding number.[54] Thus, this type of torus does not occur

generically.

• Another type of invariant curve with rational winding number is that

formed by homoclinic or heteroclinic saddle connections of hyperbolic

periodic points (for example, the separatrices of the unstable fixed point

of a pendulum). But generically, the invariant manifolds have transversal

intersections,[65, 66] leading to the “homoclinic tangle,” and thus they

do not form invariant curves.
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C

M(C)= C
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M(S)

z1
z2

M(z1)

M(z2)

Figure 1.3: Illustration for the argument that a smooth invariant torus is a
barrier in phase space.

• In general, an invariant torus consists of orbits of irrational winding

number. For example, in the integrable generalized standard map, any

circle y = y0 such that w(y0) is irrational is an invariant torus. An

orbit of irrational winding number is quasiperiodic because it returns

arbitrarily close to any point of the orbit.

To summarize, an invariant torus can have rational or irrational winding num-

ber, the latter being the generic case. Thus the term “invariant torus” will

sometimes be used loosely to indicate an orbit with irrational winding number.

An invariant torus is called smooth if it is sufficiently differentiably

conjugate to rotation. Smooth invariant tori act as transport barriers in the

phase space. This can be seen as follows (for smooth invertible maps): Suppose

C is a smooth invariant torus and let z1 and z2 be two points on one side of

C. Let S be a curve joining these two points such that it lies entirely on one
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side of C. (See Fig. 1.3.) If the images M(z1) and M(z2) of z1 and z2 lie

on different sides of C, then the image M(S) of S will intersect C. But this

will mean that C is not an invariant torus and thus we get a contradiction.

(Another good argument is in Ref. [53, page 816]).

1.4 Symmetries and symmetry lines

Maps that are derived from discretization of continuous dynamical sys-

tems inherit the symmetries of those systems. One such example is the time

reversal symmetry. (See Ref. [45] for a survey of time reversal symmetry in

dynamical systems.) We will start by defining a symmetry of a map and then

discuss time reversal symmetry.

A transformation T is called a symmetry of the map if

M = T−1MT . (1.4.1)

Thus, the map is invariant under T . This is a discrete symmetry which relates

different periodic orbits to each other, in contrast to a continuous symmetry

which gives rise to conserved quantities. The SNM has the following symmetry:

T (x, y) = (x+ 1/2,−y). (1.4.2)

Note that the standard map does not have this symmetry.
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An invertible map M is said to possess time reversal symmetry I0 if

M−1 = I−1
0 MI0. (1.4.3)

Applying a time reversal symmetry to a map is equivalent to running it back-

wards, hence the name. This is also a discrete symmetry. Here we emphasize

that this is different from a symmetry of the map (or any system in general)

because applying a symmetry keeps the map invariant. Unlike many other

systems, time reversal symmetry turns out to be much more useful for maps

than a regular symmetry as defined earlier. Thus, in the following discussion,

“symmetry lines” will really mean “time reversal symmetry lines.”

If a time reversal symmetry I0 is an involution, that is, if I2
0 = 1, then

In := MnI0 (1.4.4)

is also an involutory time reversal symmetry for any n ∈ Z. In this case, the

map can be factored as product of two involutions:

M = I1 I0. (1.4.5)

In general, a map that can be factored as a product of involutions is called

reversible map. The following “commutation” relation for reversible invertible

maps will be useful later:

InM
k = M−kIn for all n, k ∈ Z , (1.4.6)
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We can verify it as follows:

• I0M
k = I0(I1I0)

k = (I0I1)
kI0 = M−kI0 .

• InM
k = (MnI0)M

k = Mn(M−kI0) = M−k(MnI0) = M−kIn .

The invariant sets of the involution maps,

Γn = {z |Inz = z} , (1.4.7)

are one-dimensional sets[47, Sec. 1. 1. 4. 2] called symmetry sets of the map.

Maps such as the standard map and the SNM that can be written in the form

of the generalized standard map

y′ = y + h(x) , x′ = x+ f(y′) , (1.4.8)

can be factored as M = I1I0 if h(x) is an odd function, where

I0(x, y) = (−x, y + h(x)) , and I1(x, y) = (−x+ g(y), y) . (1.4.9)

In this case the symmetry set Γ0 consists of two symmetry lines s1 and s2:

s1 = {(x, y) |x = 0} , s2 = {(x, y) |x = 1/2} , (1.4.10)

while the symmetry set Γ1 consists of two symmetry lines s3 and s4:

s3 = {(x, y) |x = g(y)/2} , s4 = {(x, y) |x = g(y)/2 + 1/2} . (1.4.11)
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The importance of symmetry lines is that the search for periodic orbits that are

invariant under a time reversal symmetry can be reduced to a one-dimensional

search using the following result[8, 20] (Here, we have stated it separately for

even and odd periods):

Theorem 1.4.1.

1. z ∈ Γ0,1 is periodic with even period, M2nz = z, iff Mnz ∈ Γ0,1.

2. z ∈ Γ0 is periodic with odd period, M2n+1z = z, iff Mn+1z ∈ Γ1.

3. z ∈ Γ1 is periodic with odd period, M2n+1z = z, iff Mnz ∈ Γ0.

Proof. Using Eq. (1.4.6), the above statements are proved as follows:

1. Let z ∈ Γ0,1, that is I0,1z = z.

• Assuming that M2nz = z, we get

I0,1M
nz = I0,1M

−nz = MnI0,1z = Mnz,

which implies Mnz ∈ Γ0,1.

• Now, if we assume that Mnz ∈ Γ0,1, then

M2nz = MnMnz = MnI0,1M
nz = MnM−nI0,1z = z.

2. Let z ∈ Γ0, that is I0z = z.
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• First assume that M2n+1z = z. Then

I1M
n+1z = M−(n+1)I1z = M−(n+1)I1I0z = M−nz = Mn+1z,

which implies Mn+1z ∈ Γ1.

• Now, assuming Mn+1z ∈ Γ1,

M2n+1z = MnMn+1z = MnI1M
n+1z = I1M

−nMn+1z = z.

3. Let z ∈ Γ1, that is I1z = z.

• First assume that M2n+1z = z. Then

I0M
nz = M−nI0z = M−nI0I1z = M−(n+1)z = Mnz,

which implies Mnz ∈ Γ0.

• Now, assuming Mnz ∈ Γ0,

M2n+1z = Mn+1Mnz = Mn+1I0M
nz = I0M

−(n+1)Mnz = z.

This theorem was first used by Greene in Ref. [31] to numerically find

periodic orbits along the symmetry lines. In Sec. 2.3.1, we will outline that

method and discuss its implementation for the SNM.
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1.5 Variational principles and Aubry-Mather theory

Twist maps can be studied in terms of generating functions. Aubry-

Mather theory uses these to study periodic and quasiperiodic orbits of twist

maps. Here we will briefly review generating functions for twist maps, state

the main results of Aubry-Mather theory, indicating possible generalization

for nontwist maps. Very good reviews are in Refs. [7, 52, 53].

Any twist map can be written in terms of a mixed variable generating

function L(x, x′) as follows:

M(x, y) = (x′, y′) iff


y = −∂L(x, x′)/∂x

y′ = ∂L(x, x′)/∂x′

(1.5.1)

(Only for this section, we will use x ∈ R to be the lift of the coordinate on

the circle, instead of using X for the lift. Also, the lift of a periodic orbit

of winding number m/n is denoted as (m,n) orbit.) The twist condition is

necessary to invert the implicit form of the map obtained from the generating

function. A geometrical interpretation is given in Ref. [53, page 820].

Aubry-Mather theory[51, 4, 5] studies the variational formulation using

the generating function. If we define the action to be the sum of the generating

functions

S(x0, x1, . . . , xn) :=
n−1∑
i=0

L(xi, xi+1) , (1.5.2)

then the orbit of a map is given by the stationary points of the action S.

Heuristically, a minimizing orbit is an orbit that minimizes the action. An

21



orbit is monotone if the ordering of the x-coordinates is preserved under iter-

ations of the map, i.e., xi + l < xj + l′ ⇒ xi+1 + l < xj+1 + l′ for any integers

i, j, k, l. Some of the main results of Aubry-Mather theory are as follows:

• For an area-preserving twist map, there is a minimizing, monotone peri-

odic orbit for every (m,n). Also, for every minimizing orbit, there exist a

circle map taking each point of the orbit into the next one. The rotation

number of this circle map is m/n.

• Two distinct minimizing orbits cross at most once. This means the

graphs of xi as a function of i can touch at most once. As a conse-

quence, two minimizing (m,n) orbits do not cross, i.e., their graphs

never intersect or touch each other.

• Any limit of monotone orbits is monotone. Since minimizing (m,n)

orbits are monotone, the limit of these orbits is a monotone orbit. These

limiting orbits are the quasiperiodic orbits which are part of invariant

tori with irrational winding number.

• The above three results are used to prove that there is a minimizing,

monotone orbit for every rotation number ω. For irrational ω, the orbit

is a graph of a Lipschitz function and the closure of the orbit is either a

circle (a smooth invariant torus) or a Cantor set (the “broken” invariant

torus).

The involved but beautiful proofs of all these results depend crucially on the

twist condition, which guarantees the existence of the generating function in

the first place, and which imposes the necessary bounds on the action defined

using this generating function.
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A general area-preserving map given by

x′ = f(x, y) , y′ = g(x, y) , (1.5.3)

need not be obtainable from a generating function L(x, x′). But, there always

exists a primitive function S(x, y) satisfying the equations

∂S

∂x
(x, y) = g(x, y)

∂f

∂x
(x, y)− y ,

∂S

∂y
(x, y) = g(x, y)

∂f

∂y
(x, y) . (1.5.4)

The condition that ∂2S/∂x∂y obtained from the above two equations be equal

is the same as the area and orientation preservation condition fxgy − gxfy = 1

[which is the same as Eq. (1.2.1)]. The existence of the primitive function is

related to the exactness of the symplectic structure in R2.[33] We will use the

primitive function in the next chapter to study reconnection phenomena in the

standard nontwist map.

In general, there are four different kinds of mixed-variable generating

functions: L(1)(x, x′), L(2)(x, y′), L(3)(y, x′), and L(4)(y, y′). These are related

to the primitive function, but the requirements for their existence are the

following:

• ∂x′/∂y 6= 0 implies L(1)(x, x′) is defined.

• ∂y′/∂y 6= 0 implies L(2)(x, y′) is defined.

• ∂y′/∂x 6= 0 implies L(3)(y, x′) is defined.
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• ∂x′/∂y 6= 0 implies L(4)(y, y′) is defined.

Thus, for generalized standard maps [Eq. (1.4.8)], ∂y′/∂y = 1 6= 0 and

L(2)(x, y′) is always defined. Any of the others are not defined unless addi-

tional conditions (like twist condition) are satisfied.

1.6 Persistence of invariant tori

The integrable generalized standard map is

y′ = y, x′ = x+ w(y), (1.6.1)

where the function w(y) determines the twist. The twist condition in this case

reduces to

|w′(y)| ≥ K > 0. (1.6.2)

We can see that the nth iterate of a point (x0, y0) is given by

xn = x0 + nw(y0), yn = y0. (1.6.3)

Thus, all orbits are parallel to the x-axis. The orbit of the point (x0, y0)

has winding number w(y0). For twist maps, the rotation number changes

monotonically while for nontwist maps, it attains a maximum or minimum at

y = y∗ where w′(y∗) = 0. If w(y0) is rational, then the line y = y0 consists

of infinitely many periodic orbits while for w(y0) irrational, it is an invariant

torus.
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When a perturbation is added to the integrable map, the phase space

structure changes. The Poincaré-Birkhoff fixed point theorem states what hap-

pens to the periodic orbits: Only an even number of periodic orbits remain

under perturbation. This theorem is valid in the region where the twist con-

dition [Eq. (1.2.3)] is satisfied. When the perturbation is small, the alternate

periodic orbits are elliptic and hyperbolic, creating the Poincaré-Birkhoff chain

of periodic orbits. Also, the stable and unstable manifolds of the hyperbolic

periodic orbits intersect transversally, thus giving rise to “bands” of chaotic

orbits near the separatrices.

The behavior of invariant tori, with irrational winding number, is given

by the KAM theorem. The theorem states that invariant tori with winding

numbers that are sufficiently irrational survive under the perturbation. Since

we will not use any further the mathematical machinery needed to precisely

state (and prove) the theorem, we refer the reader to, for example, Ref. [55,

page 52] for a precise statement of the theorem or to Ref. [18] for a review and

extensive bibliography.

The condition on the irrationality of winding numbers of the tori that

survive is weak enough, so the theorem also implies that the measure of the

part of phase space that does not belong to these curves can be made arbitrarily

small for small enough perturbations. This theorem along with the Poincaré-

Birkhoff fixed point theorem leads to the conclusion that the closure of the

periodic points is a set of positive measure. Thus the phase space for small

enough perturbations looks almost like the integrable case, with small elliptic

islands around the stable periodic orbits and narrow bands of chaos near the

separatrices of hyperbolic ones.

As the perturbation is increased, the size of the elliptic islands starts
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to increase and more invariant tori are broken. One of the first attempts to

estimate the threshold for the break-up of tori was by Chirikov [14, page 286]

using the overlap criterion. The criterion is based on the observation that if

the separatrices of two different hyperbolic orbits overlap, then there cannot

be any invariant torus in between because phase space points can move from

one separatrix to the other. (Recall that a smooth invariant torus acts as a

transport barrier.) This criterion was originally proposed for overlap of islands

of the fixed points. Its extensions for higher period orbits[28, 46, and references

therein],[60] lead to the development of renormalization techniques which we

will review later.

All the above techniques and theorems are developed for twist maps

only. Indeed, the twist condition is an essential ingredient in most of the

proofs just as in the Aubry-Mather theory. The twist condition has been

considerably weakened for proofs of KAM theorem.[67]

Nontwist maps show entirely new phenomena which have no counter-

part in twist maps. Some examples are bifurcation of periodic orbits, separa-

trix reconnection, non-KAM meandering tori which are not graphs, etc. We

will discuss these in detail in Chapter 2.

1.6.1 Greene’s residue criterion

An invariant torus with irrational winding number cannot be repre-

sented exactly numerically, if for no other reason than that it consists of in-

finitely many points. But periodic orbits can be used to systematically ap-

proximate invariant tori. The method is based on the observation that given

a sequence of rational numbers {mi/ni} whose limit is ω, the sequence of pe-
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riodic orbits with winding numbers {mi/ni} approaches the invariant torus

with winding number ω in phase space. The most commonly used sequence

that “best” approximates a given irrational is the sequence of convergents of

the continued fraction expansion, which we will presently define. Later we will

see why the use of other sequences is also desirable.

The Continued fraction expansion of a number ω is given by

ω = a0 +
1

a1 +
1

a2 +
1

a3 + · · ·

, (1.6.4)

which is written in an abbreviated notation as ω = [a0, a1, a2, a3, . . .]. Here ai

are positive integers. Any rational number can be represented by two finite

continued fraction expansion while any irrational number is represented by a

unique infinite continued fraction expansion. A continued fraction expansion

is periodic,

ω = [a0, a1, . . . , an, p1, p2, . . . , pk, p1, p2, . . . , pk, . . .] (1.6.5)

=: [a0, a1, . . . , an, p1, p2, . . . , pk] , (1.6.6)

if and only if ω is a quadratic irrational, that is, it is a solution of a quadratic

equation with integer coefficients. The convergents mi/ni of an irrational ω
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are the rational numbers obtained by truncating Eq. (1.6.4):

mi

ni

:= [a0, a1, a2, . . . , ai] . (1.6.7)

The convergents mi/ni provide the best approximation of ω in the sense that,

for any other m/n with n ≤ ni, |m/n− ω| > |mi/ni − ω|. (See, for example,

Refs. [40, 57].)

The residue criterion[31] can be stated as follows: Consider an invariant

torus with winding number ω. Let {mi/ni} be the sequence of convergents of

ω and {Ri} the residues of their corresponding periodic orbits.

• If limi→∞ |Ri| = 0, the invariant torus exists.

• If limi→∞ |Ri| = ∞, the invariant torus is destroyed.

• At the boundary in parameter space between these two limits, the se-

quence of residues either converges to a constant, non-zero value or it

has convergent subsequences. In this case, the invariant torus is at the

threshold of break-up.

This criterion is based on the idea that the destruction of an invariant

torus is caused by de-stabilization of nearby periodic orbits. The residue cri-

terion has been used successfully in many cases to predict with high precision

the threshold for the destruction of invariant tori. Several theorems have been

proved that lend mathematical support to the criterion.[29, 49] The residue

criterion has been used successfully to study the break-up of invariant tori in

nontwist maps as well.[23, 2] A partial justification for its use in this context

is in Ref. [25].
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We will see later that sequences other than the convergents of con-

tinued fractions can also be used in the statement of the residue criterion. In

fact, it is suggested by the construction of the renormalization group operators

that a countable infinity of sequences are available to approximate any given

quadratic irrational. But, we will postpone a detailed discussion of renormal-

ization until Chapter 3.
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Chapter 2

Standard nontwist map: numerical

explorations

In this chapter, we will discuss various aspects of the standard nontwist

map (SNM). Here we recall that the SNM is of the following form:

y′ = y − b sin(2πx), x′ = x+ a(1− y′2) . (2.0.1)

It is a reversible map. The symmetry set Γ0 consists of two symmetry lines s0

and s1 while Γ1 consists of another two lines s3 and s4.

s1 = {(x, y) |x = 0} , s3 = {(x, y) |x = a(1− y2)/2} ,

s2 = {(x, y) |x = 1/2} , s4 = {(x, y) |x = a(1− y2)/2 + 1/2} .
(2.0.2)

Under the transformation a→ a−1, b→ b
√
a/(a− 1), and y → y

√
a/(a− 1),

the SNM is transformed into the following:

y′ = y − b sin(2πx), x′ = x+ a(1− y′2) + 1 . (2.0.3)
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Thus, the map (considered as a map of the cylinder) is invariant under this

transformation. But the lift is changed and thus the winding numbers of the

transformed map are shifted by 1.

Applications of nontwist maps occur in many fields, for example, the

study of magnetic field lines in toroidal plasma devices (see e. g. Refs. [34, 59,

36, 6, 1, 42, 79]), celestial mechanics[43] and astrophysics,[56] fluid dynamics,

[24, 21] atomic physics,[13], and relativistic particle acceleration[58, 17]. It has

been shown[81, 26] that nontwist regions appear generically in area-preserving

maps that have a tripling bifurcation of an elliptic fixed point. In addition to

these applications, the map is quite interesting from a mathematical stand-

point because many important theorems in the theory of area-preserving maps

assume the validity of the twist condition, e.g., the KAM theorem and the

Poincaré-Birkhoff theorem. Also, nontwist maps show reconnection and bifur-

cation phenomena which are not observed in twist maps. The recent interest

in nontwist maps and degenerate Hamiltonian systems is evidenced by the

following long (but probably not complete) list of Refs. [27, 16, 68, 71, 72, 15,

82, 64, 75, 73, 62, 63, 61, 70, 83, 2] which focus on nontwist maps, mostly

with quadratic twist. Most of these studies are “phenomenological” in na-

ture. Up to now, only a few mathematical results exist for nontwist maps (see

e.g. Refs. [25, 30, 62, 74]).

The chapter is arranged as follows. We will start in Sec. 2.1 with a

discussion of a particular form of bifurcation - the periodic orbit collision.

Separatrix reconnection will be studied in Sec. 2.2. A discussion of numerical

techniques is contained in Sec. 2.3. Finally we will present the results for

destruction of shearless invariant tori in Sec. 2.4.
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2.1 Periodic orbit collision and bifurcation curves

A major difference between the SNM and twist maps is that there

are two periodic orbits, if they exist, with the same winding number on each

symmetry line. This can be seen easily in the integrable case. For b = 0, the

m/n periodic orbits on the s1 symmetry line are located at

(x, y) =
(
0,±

√
1− (m/n)/a

)
. (2.1.1)

The orbit with the bigger (smaller) y-coordinate is called the up (down) peri-

odic orbit. These periodic orbits can undergo a particular form of bifurcation

that occurs when the up and down periodic orbit with same winding number

meet on the symmetry line. These collisions were detected numerically and

studied in some details in [37, 38, 22]. We will discuss in this section the

periodic orbit collision leading to the concept of bifurcation curves.

From Eq. (2.1.1) it follows that, for a given value of a, only periodic

orbits with m/n < a exist at b = 0. It is observed numerically that as the

value of b increases, the up and down orbits approach each other and at the

bifurcation value, they collide and annihilate each other. For higher values of

b, both orbits no longer exist. Fig. 2.1 illustrates the behavior of the periodic

orbits as b is increased from b = 0. Here the y-coordinates of the up and

down m/n = 3/8 orbits on s1 are shown as a function of b for the fixed value

of a = 0.4. All periodic orbits on all the four symmetry lines undergo this

process, giving rise to interesting changes in topology of the phase space as

discussed later.

Based on these numerical observations, the notion of a bifurcation curve

in parameter space was defined in [22]. Them/n-bifurcation curve b = Φm/n(a)
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Figure 2.1: Plot of behavior of the up and down periodic orbits of winding
number 3/8 for increasing b values at a = 0.4. The vertical axis shows the
y-coordinate of the orbits along s1.

is the set of (a, b) values for which the m/n up and down symmetric periodic

orbits are at the point of collision. The m/n-bifurcation curve separates the

region of (a, b) parameter space where no symmetric m/n orbits exist from

the region where one or more pairs of such orbits exist. The other important

property of this curve is that for (a, b) values along this curve, the r/s periodic

orbits, with r/s < m/n exist. Thus, m/n is the maximum winding number for

parameter values along the m/n-bifurcation curve. A plot of winding number

as a function of y-coordinate along symmetry line illustrates this very clearly.
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Figure 2.2: Bifurcation curves for several approximants for 1/γ2.

See, for example, Fig. 2.7.

The idea of approximating invariant tori with irrational winding num-

bers by periodic orbits (of rational winding numbers) is used to define the

bifurcation curve for an invariant torus as follows:[22] The ω-bifurcation curve

b = Φω(a) for an irrational ω is the set of (a, b) values such that

b = Φω(a) := lim
i→∞

Φmi/ni
(a) , (2.1.2)

where Φmi/ni
(a) is the mi/ni-bifurcation curve and {mi/ni} are the conver-
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gents of ω. For parameter values along this curve, only one ω-invariant torus

exists. Also, the bifurcation curve separates the parameters for which two

orbits with winding number ω exist from the parameters for which none ex-

ist. For (a, b) values along the ω-bifurcation curve, the invariant torus with

irrational winding number ω is the curve of maximum winding number and is

called shearless.[24] Fig. 2.2 depicts the bifurcation curves for several approxi-

mants of 1/γ2. This figure also makes it plausible that the limit in Eq. (2.1.2)

exists.

Note that the above definitions can be combined as follows: The ω-

bifurcation curve is the curve in the (a, b) parameter space separating the (a, b)

values for which one or more pairs symmetric orbits of winding number ω exist

from those values for which no symmetric orbit of that winding number exists.

Here ω could be rational or irrational, giving the previous two definitions.

The parameter b = Φm/n(a) for the periodic orbit collision at a given

value of a depends on the symmetry line used. Thus, the bifurcation curve

for each symmetry line is different in general. For example, in the SNM, for

m/n-periodic orbits with m odd and n even, the collisions on s1 and s2 occur

at b values smaller than those for collisions on s3 and s4, that is, Φm/n,s1(a) =

Φm/n,s2(a) < Φm/n,s3(a) = Φm/n,s4(a). This is clearly seen in Fig. 2.3. This

could lead to problems with the definition of shearless invariant torus because

the shearless tori on different symmetry lines could be different. But the

distance in b between bifurcation curves for different symmetry lines decreases

as the period of the orbits increases. It was observed that for winding numbers

with periods beyond about 103, the bifurcation curves on all the symmetry

lines are the same within numerical accuracy. Hence the bifurcation curve

b = Φω(a) for an irrational ω is unique irrespective of which symmetry line is
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Figure 2.3: The s1 and s3 bifurcation curves for 3/8-periodic orbit for SNM,
showing that Φm/n,s1(a) < Φm/n,s3(a) for even periods n.

used to take the limit in Eq. (2.1.2). All the bifurcation curves used in the

numerical calculations were for orbits on s1 with periods much higher than

103. Hence, we will drop the subscript s1 unless required by the context.

Note that the SNM is not generic: it is observed that for odd pe-

riod orbits, the bifurcation curves on all the symmetry lines coincide, i.e.,

Φm/n,s1(a) = Φm/n,s2(a) etc. for odd periods n. This is a specific property

of the SNM and not generally true for other nontwist maps. For example,
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the nontwist map of Equation (2.1.3). The bifurcation curves for different
symmetry lines are different for a generic map.

consider the map

y′ = y − b [sin(2πx) + sin(4πx)] , x′ = x+ a(1− y′2) . (2.1.3)

Fig. 2.4 shows that the 3/5-bifurcation curves for s1 and s2 symmetry lines for

this map do not coincide with each other.
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2.2 Separatrix reconnection

Another important phenomenon observed in nontwist maps is a type

of change in phase space topology because of separatrix reconnection of two

different periodic orbits. This phenomenon has been studied in Refs. [78, 37,

81, 80]. We will be focusing on the SNM using the approach of Petrisor[62, 63]

and Shinohara and Aizawa.[72, 73]

We have seen that the SNM has two Poincaré-Birkhoff chains of any

winding number before the bifurcation. As the perturbation is increased, the

periodic orbits approach each other and the size of the elliptic islands increases.

In twist maps, the increased perturbation and island size leads to island overlap

and the invariant tori in between the two islands get destroyed. But in that

case, the overlapping islands have different winding numbers. In nontwist

maps, the increasing island size does not always lead to destruction of tori in

the region between the islands. Instead the phase space undergoes changes

in topology. The details of how this happens depend on the specific winding

numbers considered.

The reconnection process for orbits with even-period winding numbers,

for which the up and down orbits on a symmetry line have the same stability

type, is illustrated by 1/4-orbits. As the perturbation is increased (by increas-

ing b for a fixed value of a), the hyperbolic orbits on s3 and s4 symmetry lines

collide [Fig. 2.5(b)]. The phase space topology after the collision of hyperbolic

orbits shows the “dipoles” of elliptic orbits [Fig. 2.6(a)]. As the perturbation

is increased further, the elliptic orbits collide as well, as shown in Fig. 2.6(b).

No 1/4-period orbits exist for larger values of b [Fig. 2.6(c)]. This process

takes place for any two chains of periodic orbits which have the same stability

type on a symmetry line.
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Figure 2.5: The periodic orbit collision for even period orbits on s3. Here the
winding number of these chains is 1/4. a = 0.27 for this and the following
figure.

The reconnection scenario for the odd period orbits is much different

because the stability types of up and down periodic orbits on a symmetry

line are different [Fig. 2.8(a)]. In this case, as the chains approach each other

with increasing perturbation, the hyperbolic manifolds of the up and down

orbits connect, as shown in Fig. 2.8(b). Further increase in perturbation

leaves each hyperbolic orbit with a homoclinic and a heteroclinic manifold.

In the region between the two chains, non-KAM periodic orbits and tori ap-

pear [Fig. 2.9(a)]. These are the orbits which do not exist at integrability.

These tori are not graphs over the x-axis and have been called meanders or

meandering curves.[81, 74] Such invariant tori can occur only in nontwist maps

(to be more precise, in the nontwist region of the phase space). This is because

any invariant torus for a twist map must be a graph over x.

As the perturbation is increased further, the periodic orbits undergo

collision [Fig. 2.9(b)] but are survived by the meandering tori [Fig. 2.9(c)].
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Figure 2.6: 1/4-periodic orbit collision on s1 at a = 0.27 (continued from
Fig. 2.5).

This reconnection process, in a related context, was conjectured by Stix in

[78, page 523] as follows (emphasis and figure references are mine):

Looking now at the nonlinear growth of the double-tearing mode,

Figs. 2.8-2.9 represent bald guesses at the possible evolution of the

magnetic surfaces for this instability. . . If such reconnections were

to take place in the double-tearing mode, it would be accompanied

by a rapid redistribution of the current and electron heat along the
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Figure 2.7: The winding number plot for parameter values corresponding to
Figs. 2.5(a)-2.6(c). For values of b on and between the two bifurcation curves
for s1 and s3 symmetry lines, 1/4 is the maximum winding number.

new convoluted and extended magnetic surfaces.

Based on the above discussion, we can define the m/n-reconnection

curve b = Ψm/n(a) as the set of (a, b) values for which the unstable and

stable manifolds of the up and down hyperbolic periodic orbits of winding

number m/n meet leading to a change in topology of the phase space. For

orbits of the same stability type on a symmetry line (e.g. even period orbits

in the SNM), this curve is the same as the bifurcation curve of the hyperbolic

orbits. For orbits of different stability types on a symmetry line (e.g. odd
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Figure 2.8: Reconnection of hyperbolic manifolds of up and down periodic
orbits of odd period. The winding number for the chain shown here and the
following figure is 1/3 and a = 0.345.

period in the SNM), the reconnection must occur before the periodic orbits

collide, i.e., Ψm/n(a) < Φm/n(a). Before discussing the attempts to predict the

reconnection threshold, we will discuss some aspects of meanders.

2.2.1 Meandering invariant tori

In this section, we will focus on two aspects of meandering tori: the

implications for transport and nested meandering tori.

Meander transport and global meanders The reconnection process out-

lined for odd period orbits also takes place for the fixed points of the SNM.

The only difference is that the location of the fixed points with winding num-

ber 0/1 is independent of parameters (a, b), i.e., for all a > 0, the fixed points

are located at (x, y) = (0,±1) and (1/2,±1). Thus even though the fixed
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connection shown in Fig. 2.8.
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(c) Some meandering curves persist even
after the collision as shown by the wind-
ing number plot Fig. 2.10.

Figure 2.9: The periodic orbit collision for odd period orbits.

points show reconnection, they do not undergo collision. This implies that

for all b > Ψ0/1(a), there are meandering tori. These can be called “global

meanders” because they change the topology of the phase space globally and

not just locally as is the case for meanders around other periodic orbits. An
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to Figs. 2.8(a)-2.9(c). For the plots “after reconnection” and “at collision of
periodic orbits”, the peaks on the left should touch 1/3 for the point on the
separatrix but that is not seen here because of low resolution.

example of such meanders is shown in Fig. 2.11.

We also note that the global meanders can cover a large region in

phase space. for example, for (a, b) = (0.001, 2.1), Fig. 2.11 shows meanders

that range from y ≈ −13 to y ≈ 5. Their appearance can be understood by

noting that the map is “integrable” for any nonzero value of b if a = 0. In this

integrable case, there are no invariant tori that encircle the cylinder. But the
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Figure 2.11: Global meandering curves after reconnection of the fixed point
with winding number 0/1. Note the large range in y and existence of smooth
tori even for large perturbation b = 2.1 .

orbit of any point (x0, y0) is parallel to y-axis:

yn = y0 + nb sin(2πx0) , xn = x0 . (2.2.1)

The orbits near x = 0 and x = 1/2 have small displacements in y, while those

close to x = ±1/4 are displaced in y by ∼ b per iteration. When a small

“perturbation” a 6= 0 is added, the orbits are deformed and the fixed points

at (0,±1) and (1/2,±1) appear. The orbits still move over large range in y,
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specially close to y = 0, x = ±1/4, giving rise to phase space like in Fig. 2.11.

In the presence of such global meandering tori, transport in phase space can

occur along these tori even when the tori are not broken. The implications of

such transport scenarios in applications such as the structure of magnetic field

lines is being investigated.

Nested meandering tori The other important aspect of meanders is their

winding numbers. Fig. 2.12(b) shows the winding number as a function of y-

coordinate along the s1 symmetry line and Fig. 2.12(a) shows the phase space

plots for reference. The winding number increases monotonically till we reach

the hyperbolic point. It then stays constant at 1/3 throughout the island.

It starts decreasing as we enter the meandering region, attaining a minimum

at the shearless curve. It increases till we reach the upper separatrix which

again has winding number 1/3 but it is not seen in the plot because of the low

resolution.

The meandering region itself has periodic orbits that can undergo re-

connection and bifurcation process. Thus if the perturbation is increased so

that the minima in Fig. 2.12(b) reaches a rational, we can see the reconnec-

tion process inside the meandering region. A local maxima at the bottom

of the minima of the winding number plot will be an indicator of this “sec-

ond order” reconnection, giving rise to “nested meanders”. This is illustrated

in Figs. 2.13(a)-2.13(b) for the reconnection of 18/19-period orbits inside the

meandering region of the 1/1-periodic orbit.

Thus we see that the reconnection of periodic orbits inside this second

order meandering region will lead to third order meanders and so on. If this

process continues, then at certain “critical” parameter value bc, the limiting
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curve will have structure at all scales even though it is not at the point of

breakup. Even apart from the structure of such a higher order meander, it is

still an open question whether the last curve to break is a shearless meander

or a non-meandering curve. As far as we know, there have been no studies of

breakup of meandering curves using Greene’s criterion.
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2.2.2 Reconnection threshold

An approximate method for determining the reconnection threshold of

odd period orbits is given in Ref. [22]. It is based on the geometric idea that

reconnection occurs when the slope of the invariant manifold of the hyperbolic

point is equal to the slope of line joining the consecutive hyperbolic points

of the orbit. Another method to determine exactly the reconnection thresh-

old, based on numerical observations about the behavior of certain symmetric

points, is proposed in Ref. [73]. Since this method uses the symmetries of the

map, we will now discuss how these are related to the reconnection phenomena.

We have seen in Sec. 1.4 that the SNM is reversible [it can be writ-

ten as a composition of two involutions, I0 and I1, given by Eq. (1.4.9)] and

is symmetric [it is invariant under T given in Eq. (1.4.2)]. Moreover, the

symmetry T is also an involution and commutes with I0 and I1. It is straight-

forward to check that TI0 and TI1 are involutions and M can also be written

as M = (TI1)(TI0). In general, appropriate powers of these involutions are

symmetries and time reversal symmetries of M . Thus, these three maps T ,

I0, and I1 generate a group called the reversing symmetry group G.[44, 62].

Fixed point sets of TI0 and TI1 are points and not one-dimensional

sets because these maps are orientation preserving involutions. These points,

called indicator points[73], for the SNM are

z
(0,1)
1 =

(
∓1

4
,∓ b

2

)
, and z

(0,1)
2 =

(
a

2
∓ 1

4
, 0

)
. (2.2.2)

It was noted in Ref. [72] that a shearless curve is invariant under T and it

crosses the x-axis at z0
2 and z1

2. It was later proved[62] that:
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• There can be at most one curve invariant under the reversing symmetry

group.

• Shearless curve is indeed G-invariant.

• The indicator points [Eq. (2.2.2)] belong to the G-invariant curve.

Even-period reconnection threshold The threshold for reconnection of

even-period orbits, which is the same as the collision of their hyperbolic points,

can be obtained by using the numerical observation that at the point of re-

connection, two of the indicator points belong to the periodic orbit that is

reconnecting.[73] This means that M2nz
(0,1)
i = z

(0,1)
i for either i = 1 or i = 2.

In that case, a version of Theorem 1.4.1 in terms of the involutions TI0 and TI1

(instead of I0 and I1) implies that the nth iterate maps the indicator points

onto each other, i.e., Mnz
(0,1)
i = z

(1,0)
i . By solving these two equations for

two unknowns (a, b), we can obtain the reconnection threshold for even-period

orbits. The main reason why the application of Theorem 1.4.1 allows us to

get the reconnection threshold in this case but not the bifurcation threshold

in the previous section is that the fixed point sets of TIi are points while fixed

point sets of Ii are lines. Thus, the search for periodic orbits is reduced to a

“zero-dimensional search,” i.e., it imposes restrictions on parameter values for

which such orbits can occur. Fig. 2.14 shows that the curves obtained ana-

lytically using this method compare very well with the numerical bifurcation

curves.

Odd-period reconnection threshold A method for determining the thresh-

old of odd period orbits using the action is presented in Ref. [63]. Recall from
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Figure 2.14: Comparison of the numerical reconnection and bifurcation curves
with the analytical expressions obtained using indicator points.

Sec. 1.5 that the primitive function is defined by Eq. (1.5.4). For the SNM, it

is given by

S(x, y) = −2a

3
[y − b sin(2πx)]3 +

b

2π
cos(2πx) . (2.2.3)

The action of a periodic orbit {z1, z2, . . . ,zn} is defined

An(z1, z2, . . . ,zn) =
n∑

i=1

S(zi) . (2.2.4)
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The result in Ref. [63] states that at the reconnection threshold for an odd

period orbit, the action for the hyperbolic orbit is zero. (This result is valid

for any orbit for which the up and down orbits on a symmetry line have

opposite symmetry types, which is the case for odd period orbits in maps with

quadratic twist.)

We have implemented this idea numerically. The main idea is to do a

root search for the zeros of the action, considered as a function of the perturba-

tion parameter b, for any given value of a. We have obtained the reconnection

curves b = Ψ(a) for a few low period orbits and these are shown in Fig. 2.15.

2.2.3 Shinohara-Aizawa analysis for breakup of tori

Another important use of the indicator points is for a rough estimation

of the threshold for breakup of the shearless torus.[72] It is based on the

observation that the indicator points belong to the shearless torus. For a

given (a, b), the indicator points are iterated many times (we used 106). If

the y value stays below a threshold (we used |y| < 20), it is assumed that the

shearless curve exists and the point is plotted. Fig. 2.15 presents the results

of using this procedure for the SNM. This figure also shows a few low-period

bifurcation and reconnection curves. Note that this criterion provides an upper

bound on the critical value for breakup because if the indicator point does not

stay below the threshold, the shearless curve has definitely broken but not

vice-versa. The only exceptions are when there are global meanders which go

beyond the bounds in y, but this happens only for large values of b which are

not shown in the figure.

We see that the critical points for the three shearless tori (found using
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Figure 2.15: Parameter space showing the points for which shearless invariant
tori exist. Also shown are the bifurcation and reconnection curves of low-
period orbits and the critical points (marked by ∗) found using Greene’s residue
criterion.

the more accurate Greene’s criterion) lie on the boundary in Fig. 2.15. Thus,

the boundary points of Fig. 2.15 represent the critical function for the SNM.

This is a generalization of the definition of the critical function for the standard

twist map (see e.g. Ref. [76]), which has only one parameter e.g. k. The

critical function in the twist case is then defined as kc(ω). Here, we have two

parameters, but the shearless invariant torus of a given winding number exists

only for parameter values belonging to a curve (a,Φω(a)) in the parameter

space. Thus, we can define the critical function by the critical points on each
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of those curves by (ac,Φω(ac). By finding the critical points for many other

winding numbers (both nobles and non-nobles), we hope to find a critical

function curve more accurate than the one shown in Fig. 2.15.

There are a few important features to be noted about this figure.

• The a = 0.5 line is the bifurcation curve of 1/2-orbits on s1. The indi-

cator point (a/2 + 1/4, 0) = (0.5, 0) is a period-2 orbit and thus never

crosses the y-threshold. Thus the criterion fails for a = 0.5 .

• For (a, b) values in the region left of the 0/1 reconnection curve Ψ0/1(a)

(i.e. the region a ≈ 0), the map has global meanders. This region is

transformed into the region near the 1/1 reconnection curve (i.e. a ≈ 1)

under the reparametrization a → a + 1 and b → b
√
a/(a+ 1). Thus

it might be easier to study the breakup of global meanders by studying

the region in parameter space between a = 0 and the 1/1-reconnection

curve.

• The plot generally shows a “dip” in the region between the reconnec-

tion and bifurcation curves. These are related to presence of meanders

and further studies of breakup of meanders can reveal more clearly the

structure in these “dips.”

2.3 Numerical methods

The computational steps necessary to find the critical point and the

residue behavior of the approximating periodic orbits are as follows:
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1. Find a good approximation to the 1/γ2-bifurcation curve in (a, b)-space

using the bifurcation curves for its convergents.

2. Along this bifurcation curve, find the up and down periodic orbits on

the symmetry line s1 that approximate the invariant torus, and compute

their residues.

3. Locate the (a, b) point along the curve at which the residues exhibit

critical behavior.

4. Find the residues of the periodic orbits at criticality along the remaining

symmetry lines.

5. Find the critical scaling exponents for the phase space and parameter

space scaling. The latter will be related in the next chapter to eigenvalues

of the unstable eigenmodes of the renormalization group operator. The

details of how to do this depend crucially on the type of critical scaling

behavior that is exhibited by the residues.

In this section, we will discuss these steps in details.

2.3.1 Searching for periodic orbits

As discussed in the previous chapter, periodic orbits are the key to

understanding the dynamics of an area-preserving map. They are the islands

that guide us in the vast ocean of phase space. The analogy is especially apt

when we study maps that are far from integrability, when most of the phase

space is chaotic with only limited regions of regular motion. In any case, they

are the only objects that are reliably amenable to numerical calculations and
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thus allow us to approximate the invariant tori. In this section, we will discuss

the numerical methods used to find periodic orbits in SNM. Similar techniques

are used for other maps, though the details vary quite a bit when trying to

obtain good guesses for the search.

Numerical search for the periodic orbits is made easier by using the

following two facts:

1. The symmetries of the map help to reduce the problem from a two-

dimensional search to one-dimensional search along the symmetry lines.

2. The ordering of periodic orbits gives good guesses for small intervals

along these symmetry lines.

We will discuss the details of how these are used effectively to find periodic

orbits of periods as high as 107 or more.

Symmetric periodic orbits The search for symmetric periodic orbits can

be reduced to a one-dimensional root finding problem using the involution

decomposition of the SNM and Theorem 1.4.1. For example, consider a point

(x, y) on the s3 symmetry line, i.e., x = a(1− y2)/2. It belongs to a period-n

orbit for n ∈ 2Z if and only if after n/2 iterations of the map, it lies on the

s3 or the s4 symmetry line. Thus the point (x′, y′) = Mn/2(x, y) must satisfy

the condition that x′ = a(1 − y′2)/2 or x′ = a(1 − y′2)/2 + 1/2. This can be

restated as finding the zeros of the function

F (y) := sin
{

2π
[
x′ − a

2

(
1− y′2

)]}
. (2.3.1)
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The zeros of this function are in one-to-one correspondence with the period-n

orbits on s3. (The form of the function F (y) looks different for different sym-

metry lines. Thus, F should really have subscripts to indicate the symmetry

line and the period, but we will not use them when they are clear from the

context.)

In general, different zeros of the function in Eq. (2.3.1) have different

winding numbers. This can be seen clearly in the integrable case b = 0. The

zeros of F (y) located at

ym/n = ±
√

1− (m/n)

a
, (2.3.2)

correspond to the period-n orbits on s3 located at

(xm/n, ym/n) =

(
m

2n
,±
√

1− (m/n)

a

)
, (2.3.3)

for all m such that m/n < a. Consecutive zeros correspond to orbits whose

winding numbers differ by 1/n. Thus for an interval in y of length of order 1

and a of order 1, the number of orbits of period n is roughly of order n. This

means that the search for an orbit of period million is literally like searching

for a needle in a haystack - an impossible task if we do not have a good guess

for a really small interval in y. As an example, Figs. 2.16-2.17(a) show the

function F (y) of Eq. (2.3.1) for (a, b) = (0.425160543, 0.9244636470355) for

period-8 and period-21 orbits respectively. An interval of length 0.1 contains

16 orbits of period 8 while an interval of length 0.00003 contains 18 orbits

of period 21. This illustrates that the number of periodic orbits increases
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Figure 2.16: Zeros of F8,s1(y) in the twist region away from shearless curve cor-
responding to winding numbers m/8 for m = −4,−5,−6,−7, −7,−6, −5,−4,
−3,−2,−1, 0, 0,−1,−2,−2.

“super-exponentially” with the period.

Fortunately, it is observed that in the region of interest near the shear-

less curve in phase space, the number of periodic orbits decreases quite a lot.

Recall that there were 18 period-21 orbits in an interval of length 0.00003 in

the region away from the shearless torus (y ≈ 0.33). In contrast, near the

shearless curve (y ≈ 0.03), there are only 4 period-21 orbits in an interval of

length 0.5, as shown in Fig. 2.17(b). This dramatic reduction in the number of

periodic orbits near the shearless curve, combined with the ordering of the or-

bits, allows the calculation of high period orbits. Since the density of periodic
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Figure 2.17: Comparing the number of period-21 orbits in the shearless and
twist regions

orbits in twist maps is really high (as is the case in the twist region of SNM),

it is almost impossible to calculate such high period orbits in twist maps such

as the standard map.

Note also that the function F (y) is the sine of a function of y and

|F (y)| ≤ 1. Thus |F (y)| = 1 is always an extremum of F . Some numerical

observations that guide the search for periodic orbits are the following. The

evidence for these can be seen in Figs. 2.16-2.17(b). Let us consider two

consecutive zeros y1 and y2 of F corresponding to winding numbers m1/n and

m2/n. If there is only one extrema y0 between y1 and y2, then

• if |F (y0)| 6= 1, then m1 = m2.
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• if |F (y0)| = 1, then m1 = m2 ± 1.

In general, if there are p extrema between y1 and y2, then

• if |F (y)| = 1 for an even number of extrema, then m1 = m2.

• if |F (y)| = 1 for an odd number of extrema, then m1 = m2 ± 1.

Also, suppose {y1, y2, . . . , yk+4} are consecutive k+4 zeros with winding num-

bers m/n for m = {m1,m2, . . . ,mk+4} such that k consecutive winding num-

bers are equal, i.e., mi = l for i = 3, 4, . . . , k + 2, m2 6= l, and mk+3 6= l.

Suppose both the pairs of zeros y1, y2 and yk+3, yk+4 are separated by exactly

one extrema equal to 1, i.e., m1 = m2 ± 1 and mk+3 = mk+4 ± 1. Then the

following holds:

• When k is even, the sequencemi is either {l+2, l+1, l, l, . . . , l, l, l+1, l+2}
or {l− 2, l− 1, l, l, . . . , l, l, l− 1, l− 2}. Thus, l/n is a “local extremum”

of winding numbers for orbits of period n.

• When k is even, the sequencemi is either {l+2, l+1, l, l, . . . , l, l, l−1, l−2}
or {l− 2, l− 1, l, l, . . . , l, l, l+ 1, l+ 2}. Thus, l/n is an “inflection point”

of winding numbers for orbits of period n.

Ordering of the periodic orbits As noted above, the winding numbers of

orbits of a given period vary “smoothly,” in the sense that they change at most

by ±1/n between consecutive orbits of that period. The winding numbers of

orbits with different periods also seem to follow a pattern as explained below.

Consider a fixed parameter value (a, b) along the ω-bifurcation curve.

Suppose we have the locations yu
i and yd

i of the up and down orbits for a
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Figure 2.18: The zeros of F (y) for period 8, 21, 55, and 144 near the shear-
less curve. The zeros shown by + are the orbits with winding numbers
3/8, 8/21, 21/55, and 55, 144.

low order convergent mi/ni of ω. Such low period (typically period of O(10))

orbits which can be found rather quickly. To find the locations yu
i+2 and yd

i+2

of the up and down orbits of winding number mi+2/ni+2, we use the following

numerically observed ordering:

yd
i < yd

i+2 < ys < yu
i+2 < yu

i (2.3.4)

where ys is the location of the shearless invariant torus (which is not known

a priori). This is shown in Fig. 2.18. Such an ordering can be intuitively
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Figure 2.19: The function F (y) for values of b (a) before, (b) at, and (c) after
the bifurcation.

understood because away from the shearless curve, the map really behaves

like a twist map. It is seen that there are exactly two orbits of period ni+2 in

the above interval (yu
i , y

d
i ). These are the up and down orbits with winding

numbers mi+2/ni+2. Also note from Fig. 2.18 that F144(y) has innumerable

zeros outside the y-interval given by the up and down orbits of the lower period

approximant (in this case 21/55).

Before beginning the discussion of calculations of bifurcation curves, we

list in Table 2.1 the winding numbers of orbits used to approximate the three

shearless tori that we studied. The notation [i] indicates the ith convergent

mi/ni of the continued fraction expansion of that irrational number. Note that

at least 18 orbits were used in all the cases, allowing us to see three periods of

the six-cycle of residues (Sec. 2.4.1).

2.3.2 Calculating bifurcation curves
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[n] p[n] q[n] p[n] q[n] p[n] q[n]

[−1] 0 1 0 1 0 1
[01] 1 2 1 3 2 5
[03] 3 5 3 8 5 12
[05] 8 13 8 21 13 31
[07] 21 34 21 55 34 81
[09] 55 89 55 144 89 212
[11] 144 233 144 377 233 555
[13] 377 610 377 987 610 1453
[15] 987 1597 987 2584 1597 3804
[17] 2584 4181 2584 6765 4181 9959
[19] 6765 10946 6765 17711 10946 26073
[21] 17711 28657 17711 46368 28657 68260
[23] 46368 75025 46368 121393 75025 178707
[25] 121393 196418 121393 317811 196418 467861
[27] 317811 514229 317811 832040 514229 1224876
[29] 832040 1346269 832040 2178309 1346269 3206767
[31] 2178309 3524578 2178309 5702887 3524578 8395425
[33] 5702887 9227465 5702887 14930352 9227465 21979508
[35] 14930352 24157817 14930352 39088169 24157817 57543099
[37] 39088169 63245986
[39] 102334155 165580141

Table 2.1: Periodic orbits used to approximate the three winding number given
in Eq. (2.4.1).

m/n-bifurcation curves The main idea behind the algorithm for finding

the bifurcation curves is the following: Suppose we are searching for the m/n-

bifurcation curve b = Φm/n(a). For a fixed value of a, if b < Φm/n(a), there

are two m/n-orbits, which are located at the two zeros of F (y) [defined in

Eq. (2.3.1)]. This is shown in Fig. 2.19(a). As b is increased these orbits

come closer and at b = Φm/n(a), they collide, leaving us with only one zero of

F (y) as shown in Fig. 2.19(b). For b > Φm/n(a), there are no m/n-orbits and

consequently no zeros of F (y) (Fig. 2.19(c)). This suggests that the value of b

at which the extremum of F (y) is zero is the desired bifurcation value. Thus
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we search for zeros of the function

φ(b) = F (y0; b), (2.3.5)

where y0 is the extremum of F (y). Here we have made explicit the parametric

b dependence of F (y).

It is important to find the correct extremum y0 which is between the

two zeros that correspond to m/n-orbits before they collide.

• If the two zeros have a different winding number, then we will be tracking

the extremum that will never become zero. This can be avoided by noting

that if we find an extremum close to ±1, then we are looking at the wrong

extremum (see Sec. 2.3.1 for a discussion of the properties of F (y)).

• If both zeros have the same winding number which is different from

m/n, then we will be tracking the extremum whose zero will give the

bifurcation curve of that other winding number. The only way to avoid

this pitfall is the check the winding number once we have found the

bifurcation value.

Since the zeros for orbits with winding numbers that differ by 1/n are

located very close to each other for large n, we have to look for the extremum

in a very small interval in y. We also need a good guess for the value of b

around which to search for the zero of the function φ(b). There are two ways

to find good guess values for y0 and b:

• If we know one point (a1, b1) on the bifurcation curve and the location

y1 of the m/n-period orbit for those parameter values, the bifurcation
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point for a2 = a1 + ∆a is found by locating the minima for (a2, b1 +nδb)

and (a2, b1 +(n+1)δb) in an interval (y1− δy, y1 + δy), increasing n from

0 till the minima changes sign, and then searching the zero of φ(b) in

that interval in b. Here, the values of δb and δy are chosen depending on

the period of the orbit. In general, we used δy O(1/n), and δb O(∆a).

The point (a, b) = (m/n, 0) is on the bifurcation curve Φm/n(a) and the

location of the desired minimum is y0 = 0. This is used as the starting

point for the above procedure.

We improved upon the above algorithm by using the numerically ob-

served continuity of the bifurcation curves. (Note that existence of a

smooth bifurcation curve for small perturbations was proved in Ref. [25].)

Thus, if we know two points on the bifurcation curve, the guess value of

the bifurcation point b2 for the next value a2 is taken from linear inter-

polation of the previous two points. This decreases the number of steps

in b required to bracket the zero of φ(b). It was observed that typically

the interpolation lead to about ten to fifteen times faster calculations

of the bifurcation curves (decreasing the calculation time from days to

hours!)

One of the disadvantages of this method is that we must begin at the

integrable b = 0 point to make sure we find the bifurcation curve of the

right winding number (as discussed in details in previous paragraph).

Since the steps ∆a in a need to be small (of the order of 10−6 − 10−9),

we need to calculate around a million or more points of the bifurcation

curve to get to the interesting region near criticality (typically 0.2 away in

a). This lead us to look for the second method of finding the bifurcation

curve.
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• If we know one point (a, b1) of the bifurcation curve of a lower order

approximant of ω, we can find the bifurcation point (a, b2) for a higher

order approximant at the same value of a using the above process (taking

small steps in b to bracket the zero of φ(b)). The main advantage of this

method is that we can calculate the lower order curve up to the region

of interest (a million or more points) and then calculate the bifurcation

curve of the higher order approximant in that region of parameter space.

ω-bifurcation curves Recall that the bifurcation curve of any irrational is

defined to be the limit of the bifurcation curves of its convergents. It is numer-

ically observed that close to criticality, this limit is approached in accordance

with the following scaling relation:[23]

Φ[n](a) = Φω(a) +Bn(a)ν
n/12
1 , (2.3.6)

where Φ[n] is the bifurcation curve of the nth convergent, ν1 is a constant to be

determined, and Bn(a) is period-twelve function of n, i.e., Bn+12(a) = Bn(a).

The evidence for such a scaling relation is seen from the periodicity of the

scaling function Bn. This is shown in Table 2.2. It follows from Eq. (2.3.6)

and periodicity of Bn that

Φω =
Φ[n+1]Φ[n+12] − Φ[n]Φ[n+13](

Φ[n+1] − Φ[n]

)
−
(
Φ[n+13] − Φ[n+12]

) . (2.3.7)

Since the periodicity of Bn is valid in the limit n → ∞, we have to take that

limit in the above equation as well. We used the bifurcation curves up to

[n] = [32] in the case of ω(1) and ω(2) and up to [30] in case of ω(3). These are
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n Bn Bn−12 Bn−24

32 -0.3901 -0.3901 -0.4058
31 0.5019 0.5019 0.5236
30 -0.7081 -0.7090 -0.7116
29 0.5513 0.5513 0.5453
28 -0.4863 -0.4865 -0.5155
27 0.3413 0.3412 0.3202
26 -0.3901 -0.3896 -0.5627
25 0.5018 0.5009 0.9491
24 -0.3764 -0.3765
23 0.5514 0.5541
22 -0.4863 -0.4869
21 0.7409 0.7556

Table 2.2: The periodicity of the scaling function Bn(a
(2)
c ) for bifurcation

curves approximating ω(2) at the critical value a
(2)
c .

[n] p[n]/q[n] [n] p[n]/q[n] [n] p[n]/q[n]

[20] 10946/17711 [18] 4181/10946 [17] 4181/9959
[21] 17711/28657 [19] 6765/17711 [18] 6765/16114
[22] 28657/46368 [20] 10946/28657 [29] 1346269/3206767
[33] 5702887/9227465 [31] 2178309/5702887 [30] 2178309/5188658
[34] 9227465/14930352 [32] 3524578/9227465

Table 2.3: The four bifurcation curves used to approximate the ω-bifurcation
curve. The curve shown in bold indicates the low order curve used to calculate
the higher order ones.

tabulated in Table 2.3.

Now we can justify a posteriori the use of Eq. (2.3.6). Solving Eq. (2.3.6)

with a = ac for ν1 yields:

ν1 =

(
Φ[n+13] (ac)− bc
Φ[n+1] (ac)− bc

)
, (2.3.8)
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and

Bn(ac) =
(
Φ[n+1] (ac)− bc

)
ν
−n/12
1 , (2.3.9)

where (ac, bc) is the critical point for breakup of the shearless invariant torus,

i.e., bc = Φω(ac). We found that ν
−1/12
1 = 2.6791.

2.4 Breakup of shearless tori

We studied the breakup of shearless tori of three winding numbers:

ω(1) = [0, 1, 1, 1, ...] =
1

γ
,

ω(2) = [0, 2, 1, 1, 1, ...] =
1

γ2
,

ω(3) = [0, 2, 2, 1, 1, 1, ...] =
γ2

(1 + 2γ2)
. (2.4.1)

The breakup of ω(1) has been studied in Ref. [22] and that of ω(2) has been

reported in Ref. [84, 2]. We reproduced the results of Ref. [22] with greater

accuracy as a test case for the improved numerical techniques. All the three

numbers chosen were nobles (with a tail 1 in the continued fraction expansion)

because of the following reasons:

• The nobles are the “most difficult” to approximate by rational numbers.

This means that the denominators of the successive convergents grow the

slowest for these numbers. Thus, the difference between the successive

convergents, the distance in phase space between the periodic orbits with

those winding numbers, and the distance in parameter space between
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the corresponding bifurcation curves is the least for noble numbers. For

numbers that are not nobles, the successive bifurcation curves are located

much farther apart from each other in parameter space and this makes

it particularly difficult to find these curves.

• Since the maximum period of periodic orbits that can be found using the

available accuracy is around a hundred million, we can calculate periodic

orbits for around eighteen convergents of a noble number. But for non-

noble numbers, we can calculate only about eight periodic orbits. In the

nontwist map this is insufficient because the residues show a six-cycle

that is impossible to observe with only eight residues! (In fact, if results

from twist maps are any indication at all, then we might even get a

higher period cycle.)

• The renormalization group picture presented in the next chapter relates

critical behavior of tori with different numbers but with the same tail in

the continued fraction expansion. For the two reasons mentioned above,

it is difficult to study several numbers with the same tail in continued

fraction expansion unless they are nobles.

Since the behavior of the critical invariant torus is very similar for all the

three winding numbers above, we will present the results in parallel, quoting

the numerical values for ω(3) in most cases.

2.4.1 Residue behavior at criticality

We found the critical points along various m/n-bifurcation curves, i.e.,

the parameter values along those curves for which the residues of approximat-
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Figure 2.20: Residue behavior of the up (top figure) and down (bottom figure)
periodic orbits approximating 1/γ2 on s1 at the critical points on bifurcation
curves of [20] (+), [24] (◦)and [28] (∗).

ing periodic orbits neither converge to zero nor diverge to infinity. Fig. 2.20

shows the critical residue behavior of the up and down periodic orbits on the

symmetry line s1 along several different bifurcation curves. For lower period

bifurcation curves, the residues first show signs of a six-cycle (to be discussed

later in greater details), but then converge to |Ri| ≈ 0.25. This is because the

up and down orbits approximate the up and down 1/γ2 tori respectively and

thus, we are studying a pair of invariant tori that are not quite shearless. Thus

we see the same behavior of the residues as in the case of a twist map. We

also note that the search for high period orbits is made difficult in this case

because of higher density of periodic orbits in the twist region as discussed

in Sec. 2.3.1. As we proceed to higher period bifurcation curves, the behav-

ior of the residues of the approximating periodic orbits found along the s1

symmetry line resembles more and more a six-cycle. A renormalization group

interpretation of these results is given in Sec. 3.5.
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Finally, we found the critical points (a
(i)
c , b

(i)
c ) along the ω(i)-bifurcation

curves to be the following:

a(1)
c = 0.425160543 , b(1)c = 0.9244636470355 , (2.4.2)

a(2)
c = 0.686049108 , b(2)c = 0.7424935491552 , (2.4.3)

a(3)
c = 0.45297741955 , b(3)c = 0.8458291399945 . (2.4.4)

At the critical parameter values, the residues of the down periodic orbits con-

verge to a six-cycle as do the residues of the up periodic orbits. For example,

the residues at criticality of ω(3) are shown in Table 2.4. We denote by Rui

and Rdi
the residues of the up and down periodic orbit on the symmetry line

si. Fig. 2.21 shows three oscillations of these six-cycles at the criticality for

ω(1).

The residues on different symmetry lines are not independent. The

residues of up and down orbits are related as follows:

Ru1 = Rd2 , Ru2 = Rd1 , Ru3 = Rd4 , Ru4 = Rd3 . (2.4.5)

These relations are a consequence of the symmetry T [Eq. (1.4.2)] of the SNM.

Furthermore, the time reversal symmetry and Theorem 1.4.1 give the following
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[i] Ru1 = Rd2 Ru2 = Rd1 Ru3 = Rd4 Ru4 = Rd3

[01] −1.196 0.7189 −1.196 0.7189
[03] −1.518 −1.518 2.242 2.242
[05] 2.899 −2.993 −2.993 2.899
[07] 1.893 −0.9356 1.893 −0.9356
[09] 2.513 2.513 −1.367 −1.367
[11] 2.524 −2.680 −2.680 2.524
[13] −0.5908 1.568 −0.5908 1.568
[15] −1.282 −1.282 2.324 2.324
[17] 2.599 −2.629 −2.629 2.599
[19] 1.590 −0.6090 1.590 −0.6090
[21] 2.339 2.339 −1.289 −1.289
[23] 2.595 −2.636 −2.636 2.595
[25] −0.6128 1.592 −0.6128 1.592
[27] −1.291 −1.291 2.343 2.343
[29] 2.601 −2.643 −2.643 2.601
[31] 1.605 −0.6158 1.605 −0.6158
[33] 2.378 2.378 −1.299 −1.299
[35] 2.567 −2.645 −2.645 2.567

Table 2.4: The six-cycles of residues along the different symmetry lines at
criticality for ω(3). (a

(3)
c = 0.45297741955, b

(3)
c = 0.8458291399945)

relations:

Ru1 = Ru2 Ru3 = Ru4 for odd/even winding number orbits,

Ru1 = Ru3 Ru2 = Ru4 for even/odd winding number orbits,

Ru1 = Ru4 Ru2 = Ru3 for odd/odd winding number orbits. (2.4.6)

Numerical evidence (e.g., Table 2.4) shows that
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Figure 2.21: The six-cycles of residues for the up orbits on s1 (top left), s2 (top
right), s3 (bottom left), and s4 (bottom right) at criticality for ω(1). Three
oscillations are seen in each figure.

• Ru1 = −Ru2 and Ru3 = −Ru4 for even/odd winding number orbits.

• Either R
[n]
u1 = R

[n±3]
u3 and R

[n]
u2 = R

[n±3]
u4 or R

[n]
u1 = R

[n±3]
u4 and R

[n]
u2 = R

[n±3]
u3

where R
[n]
ui and R

[n±3]
ui are the residues for the periodic orbit with winding

numbers equal to the nth and (n± 3)rd convergent.

All the above relations reduce the number of independent residues from 48

(for the two six-cycles on each of the four symmetry lines) to 5.
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[i] Ru1 = Rd2 Ru2 = Rd1 Ru3 = Rd4 Ru4 = Rd3

[1] , [13] , [25] D1 C1 D4 C4

[3] , [15] , [27] D2 C2 D5 C5

[5] , [17] , [29] D3 C3 D6 C6

[7] , [19] , [31] D4 C4 D1 C1

[9] , [21] , [33] D5 C5 D2 C2

[11] , [23] , [35] D6 C6 D3 C3

Table 2.5: Period-six convergence pattern of the residues near criticality along
the different symmetry lines for ω(2).

We will illustrate this for ω(2). Eq. (2.4.5) implies that there are only

four independent six-cycles, say, those for Ru1 , Ru2 , Ru3 , and Ru4 . Using the

latter of the two numerical evidences mentioned above, we can write the

residues as shown in Table 2.5. Note from Table 2.1 that consecutive approx-

imants of all the three winding numbers are of the type odd/even, even/odd,

and odd/odd. Thus, Eq. (2.4.6) decreases the number of independent residues

from 12 to 6 by imposing the following relations: D1 = C4, D2 = C2, D4 = C1,

D5 = C5, C3 = C6, and D3 = D6. The first of the two numerical observations

gives one additional relation C6 ≈ −D6, and therefore C3 ≈ −D3. Using these

relations we see that there are only five independent residues which we take

to be C1,C2,C3,C4, and C5.

The residue values at criticality for all three winding numbers are found

to be the same, but the sequence is shifted by two. The residue pattern for ω(1)

and ω(3) is shown in Tables 2.6-2.7. The values of the independent residues

75



[i] Ru1 = Rd2 Ru2 = Rd1 Ru3 = Rd4 Ru4 = Rd3

[1] , [13] , [25] , [37] D5 C5 C2 D2

[3] , [15] , [27] , [39] D6 C6 C3 D3

[5] , [17] , [29] D1 C1 C4 D4

[7] , [19] , [31] D2 C2 C5 D5

[9] , [21] , [33] D3 C3 C6 D6

[11] , [23] , [35] D4 C4 C1 D1

Table 2.6: Period-six convergence pattern of the residues near criticality along
the different symmetry lines for ω(1).

[i] Ru1 = Rd2 Ru2 = Rd1 Ru3 = Rd4 Ru4 = Rd3

[1] , [13] , [25] C1 D1 D4 C4

[3] , [15] , [27] C2 D2 D5 C5

[5] , [17] , [29] C3 D3 D6 C6

[7] , [19] , [31] C4 D4 D1 C1

[9] , [21] , [33] C5 D5 D2 C2

[11] , [23] , [35] C6 D6 D3 C3

Table 2.7: Period-six convergence pattern of the residues near criticality along
the different symmetry lines for ω(3).

obtained from Table 2.4 and similar data for ω(1) and ω(2) are the following:

C1 = −0.609± 0.005, C2 = −1.288± 0.002,

C3 = 2.593± 0.005, C4 = 1.584± 0.008,

C5 = 2.336± 0.006. (2.4.7)

We compared the values of the residues at three different points along the
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ω(3)-bifurcation curve, one point below criticality, one at criticality, and one

above criticality:

(a−, b−) = (0.45297741951, 0.84582913951457)

(a(3)
c , b(3)

c ) = (0.45297741955, 0.84582913999445)

(a+, b+) = (0.45297741959, 0.84582914047433) (2.4.8)

The results are listed in Table 2.8. We see that the numerical values of each

element of the six-cycle tends to zero for (a−, b−), to infinity for (a+, b+), while

it tends to the critical value at
(
a

(3)
c , b

(3)
c

)
. Figs. 2.22-2.23 clearly illustrates

this behavior.

2.4.2 Spatial scaling at criticality

As expected, the shearless curve exhibits scale invariance at criticality,

which can be demonstrated explicitly by using symmetry line coordinates[22]

(x̂, ŷ) defined by

x̂ = x− a(1− y2)/2 , and ŷ = y − ys . (2.4.9)

Here ys is the location of the shearless curve on s3 which will be determined

later. In these coordinates, the s3 symmetry line becomes a straight line that

intersects the shearless curve at the origin. We find that, in symmetry line

coordinates, the shearless 1/γ2 invariant torus at criticality remains invariant
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[n] z− zc z+ z− zc z+

[01] C1 -1.196 -1.196 -1.196 C4 0.719 0.719 0.719
[07] -0.936 -0.936 -0.936 1.893 1.893 1.893
[13] -0.591 -0.591 -0.591 1.568 1.568 1.568
[19] -0.609 -0.609 -0.609 1.590 1.590 1.590
[25] -0.613 -0.613 -0.613 1.592 1.592 1.593
[31] -0.615 -0.616 -0.617 1.597 1.605 1.613
[03] C2 -1.518 -1.518 -1.518 C5 2.242 2.242 2.242
[09] -1.367 -1.367 -1.367 2.513 2.513 2.513
[15] -1.282 -1.282 -1.282 2.324 2.324 2.324
[21] -1.289 -1.289 -1.289 2.339 2.339 2.339
[27] -1.291 -1.291 -1.292 2.341 2.343 2.344
[33] -1.279 -1.299 -1.320 2.346 2.378 2.410
[05] C3 2.899 2.899 2.899 C6 2.899 2.899 2.899
[11] 2.524 2.524 2.524 2.524 2.524 2.524
[17] 2.599 2.599 2.599 2.599 2.599 2.599
[23] 2.595 2.595 2.595 2.595 2.595 2.595
[29] 2.597 2.601 2.605 2.597 2.601 2.605
[35] 2.383 2.567 2.763 2.383 2.567 2.763

Table 2.8: Numerical values of the residue six-cycle Ci near the criticality of
ω(3) for z− = (a−, b−), zc = (a

(3)
c , b

(3)
c ), and z+ = (a+, b+) given in Eq. (2.4.8).

under a scale change (x̂, ŷ) → (α12x̂, β12ŷ). This property is illustrated in

Fig. 2.24. The tori with winding numbers ω(1) and ω(3) also show such self-

similar structure. This self-similarity is observed locally in phase space and

does not tell us anything about the whole torus. Using the techniques of

Ref. [19], we am currently investigating the smoothness of the conjugacies of

the critical tori and circle maps.

Further numerical analysis shows that periodic orbits also exhibit scal-

ing behavior locally near the s3 symmetry line. Figure 2.25 shows points of

the periodic orbit [n] = [21] (in symmetry line coordinates) and points of the
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Figure 2.22: Residue Convergence for C1 through C4 at z1 (+), z2 (◦) and z3

(×) (see Table 2.8).

periodic orbit [33] with the x and y coordinates rescaled by α12 and β12 re-

spectively. The result suggests that periodic orbits remain invariant under a

simultaneous spatial rescaling and shifting of the winding number by twelve

from [n] to [n+12]. We will later see the renormalization group interpretation

of these scaling invariances.

These scalings suggest the following power laws for the approach of
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Figure 2.24: Invariance under rescaling of shearless ω(2) torus at criticality.

periodic orbits to the shearless curve:[23]

x̂2n+1 = Xnα
−(2n+1) , ŷ2n+1 = Ynβ

−(2n+1) , (2.4.10)
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Figure 2.25: Invariance of periodic orbits under simultaneous rescaling and
shift of winding numbers by twelve. Here we show the periodic orbits [21] (×)
and [33] (◦) after rescaling of x and y coordinates by α12 and β12 respectively.

where (x̂2n+1, x̂2n+1) are the symmetry line coordinates of the up periodic orbit

[2n + 1], and Xn and Yn are periodic in n with period six (Xn = Xn+6 and

Yn = Yn+6). Since by definition of the symmetry line coordinates, x̂2n+1 = 0

for a point of the orbit on the s3 symmetry line, we have to use a point of

the orbit that is closest to the symmetry line. The evidence for such scaling is

seen from the periodicity of Xn and Yn as shown in Table 2.9 for the criticality

of ω(3).

The location of the shearless torus ys is found using Equations (2.4.9)
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n Xn+12 Xn+6 Xn Yn+12 Yn+6 Yn

5 0.566 0.568 0.584 0.124 0.126 0.125
4 0.658 0.658 0.672 0.111 0.111 0.110
3 0.859 0.857 0.849 0.182 0.181 0.195
2 0.476 0.475 0.459 0.111 0.110 0.115
1 0.514 0.512 0.493 0.278 0.275 0.279
0 0.507 0.500 0.324 0.196 0.195 0.184

Table 2.9: The scaling functions Xn and Yn for up periodic orbits.

and (2.4.10):

ys =
y2n+1y2n+15 − y2n+3y2n+13

y2n+1 + y2n+15 − y2n+3 − y2n+13

. (2.4.11)

In fact, if Yn is periodic with period p (Yn = Yn+p), then ys is given by

ys =
y2n+1y2n+3+2p − y2n+3y2n+1+2p

y2n+1 + y2n+3+2p − y2n+3 − y2n+1+2p

. (2.4.12)

It is numerically observed that ys is not a constant for any p less than six,

which verifies the period-six behavior. We also note that the limits n→∞ of

both Eq. (2.4.12) and Eq. (2.4.11) give the value of ys, but the convergence is

optimal in Eq. (2.4.11).

Finally, the values of α and β are obtained as

α = lim
n→∞

∣∣∣∣ x̂2n+1

x̂2n+13

∣∣∣∣ ≈ 1.618 , and β = lim
n→∞

∣∣∣∣ ŷ2n+1

ŷ2n+13

∣∣∣∣ ≈ 1.658 . (2.4.13)
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Figure 2.26: Mapping of critical invariant tori of different winding numbers
onto each other. Note that the three tori lie on top of each other but have
been shifted in y for clarity. (Hence the scale on the y-axis is not shown.)

2.4.3 Spatial similarity of different critical shearless tori

The results in this section are reported in Ref. [3]. The three shearless

tori are not only self-similar as described in the previous section but they are

also similar to each other. We find that, in the symmetry line coordinates,

the three tori map onto each other under a scale change (x̂, ŷ) → (Ax̂,Bŷ).

This is illustrated in Fig. 2.26. Again this is only a local self-similarity and

the similarity of the tori as whole is under investigation.

This similarity also carries over to the periodic orbits approximating
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Figure 2.27: Mapping of periodic orbits approximating the three invariant tori.
The invariant torus of ω(1) is shown for reference.

the tori. Fig. 2.27 shows that the periodic orbits [n] = [31], [27], and [27]

approximating ω(1), ω(2), and ω(3) map onto each other after exactly the same

scalings as used in Fig. 2.26. Note from the residue patterns that these three

orbits have equal residues.

We can formalize these ideas as follows. Recall that the positions

(x
(a)
n , y

(a)
n ) of the nth convergent of ω(a) for a = 1, 2, 3 obey the power law

relation

x(a)
n = X(a)

n α−2n , and y(a)
n = Y (a)

n β−2n , (2.4.14)
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where X
(a)
n and Y

(a)
n are period-six functions of n. (Here, we have simplified

the notation by using the subscript n for the orbit [2n + 1] and dropping the

ˆ from the symmetry line coordinates.) Note that n is a dummy index, i.e.,

it can be shifted by an integer without changing the above statement. Also,

though the result is true for all the symmetry lines, we will be using the s3

symmetry line in the following discussion. It follows from Eq. (2.4.14) that

A(1,2)
n :=

x
(1)
n

x
(2)
n

=
X

(1)
n

X
(2)
n

(2.4.15)

is a period-six function of n. (Similarly for y and Yn.) But we observe

numerically that A
(1,2)
n is in fact a constant, A(1,2), independent of n if, in

Eq. (2.4.15), we choose the x coordinates of orbits which have the same value

of residue. This is shown in Table 2.4.3. We see that A(1,2) ≈ 8.14 and

B(1,2) ≈ −3.81. Similar calculations for relating ω(1) and ω(3) give A(1,3) ≈ 6.12

and B(1,3) ≈ −1.43.
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q1 x1 q2 x2 A = x1

x2

75025 2.012943e-5 17711 1.638693e-4 8.140783
196418 4.783568e-6 46368 3.894257e-5 8.140903
514229 1.932103e-6 121393 1.572945e-5 8.141104
1346269 7.241581e-7 317811 5.895735e-6 8.141502
3524578 2.600689e-7 832040 2.117285e-6 8.141246
9227465 1.187355e-7 2178309 9.667462e-7 8.142016
24157817 6.258871e-8 5702887 5.100913e-7 8.149892

q1 y1 q2 y2 B = y1

y2

75025 3.932996e-6 17711 -1.497908e-5 -3.808567
196418 2.466482e-6 46368 -9.393067e-6 -3.808286
514229 1.874730e-6 121393 -7.139952e-6 -3.808524
1346269 2.572146e-7 317811 -9.718763e-7 -3.778464
3524578 9.238172e-8 832040 -3.450858e-7 -3.735433
9227465 3.614236e-8 2178309 -1.319071e-7 -3.649653
24157817 9.617356e-9 5702887 -3.147145e-8 -3.272360

Table 2.10: Critical scaling of periodic orbits approximating tori with winding
numbers ω(1) and ω(2). (xa, ya) are coordinates of the orbit with period qa at
criticality for breakup of ω(a) torus (a = 1, 2).
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Chapter 3

Renormalization group for breakup of

invariant tori

Starting from the slightly obscure beginning as a procedure for relat-

ing different reparametrizations that get rid of divergences in certain quantum

field theoretic calculations, renormalization has matured over the past fifty

years into a well-developed technique used in various areas of physics to study

systems seemingly inaccessible to traditional analytical tools like perturbation

theory. The common features of systems in which these techniques are use-

ful are nonlinearity, large number of degrees of freedom with multiple length

scales, and in the interesting cases, “criticality.” If the system’s approach to

criticality obeys scaling laws (in parameter space), then we can use renor-

malization analysis. In such cases, the systems usually show some kind of

“self-similarity.”

“Mathematically,” all the renormalization procedures can be seen as

studying fixed points of a certain (occasionally ill- or un-defined) operator

[called renormalization group operator (RGO)] acting on some infinite-dimensional

space (whose mathematical properties are usually unknown). Each point in

the space represents a system with specific set of parameters. Thus we can
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study only a subspace of finite dimensions equal to the number of parameters

r of the system. We will call this the “parametrized subspace.”

Such an approach (of using only a finite-dimensional subspace to study

behavior near a fixed point) is the hallmark of renormalization group method

and is justified only if the following conditions are satisfied.

• The fixed point must be “hyperbolic,” i.e., it has n “unstable” eigenval-

ues {λi}n
i=1 of modulus greater than one, |λi| > 1, while all the other

eigenvalues are (marginally) “stable,” |λ| ≤ 1. Then the “unstable man-

ifold” is of finite dimensions n while the unstable manifold is infinite-

dimensional (with codimension n).

• The number of parameters r must be greater than or equal to the num-

ber of unstable eigenvalues n. In that case, the intersection of the

“parametrized subspace” with the stable manifold is a surface of dimen-

sion r − n. Thus we will find critical behavior for parameters belonging

to this surface. In many cases, r = n, and we find a single critical point.

If these two conditions are satisfied, then the point in the “parametrized sub-

space” with critical parameter values is on the stable manifold of the critical

fixed point of the RGO.

If there is a hyperbolic fixed point of the RGO but r < n, we will

not find (unless we are exceptionally lucky) the critical point because the

“parametrized subspace” will not in general intersect the stable manifold; we

will not have enough parameters to adjust to reach the stable manifold.

The exponents for scaling law approach to criticality give us the un-

stable eigenvalues {λi}. Typically, the RGO transformation also involves a
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coordinate change. The self-similarity at the criticality gives us this coordi-

nate change at the hyperbolic fixed point. Thus, renormalization leads to the

idea of universality in the following sense. All the systems which are attracted

to the same fixed point under the action of RGO will show the same scaling

laws (and self-similarity, if applicable) because these are the properties of the

fixed point and not of the specific subspace used to study it.

Renormalization techniques of varied flavors have incarnations in pretty

much all areas of physics - quantum field and string theories, condensed mat-

ter physics, statistical mechanics, fluid dynamics, dynamical systems. (And

others?) Here we will simply focus on its application to area-preserving maps.

The renormalization described below, and the related techniques for period-

doubling and for Hamiltonian flows, developed around 1980 with the work

of Feigenbaum, Greene, Kadanoff, Escande and Doveil, MacKay, and others.

(The list is surely incomplete and in no specific order.)

3.1 Review of renormalization for breakup of 1/γ-torus

In this section we will review the renormalization group operator for

the 1/γ-torus.[47, 48] We will also indicate the specific properties that will be

built into the operators for other winding numbers.

We have seen in Sec. 1.2 that an area-preserving map M of a cylinder,

M : T × R → T × R, can be represented by its lift M ′, which is a map of

R2 to itself that commutes with R(x, y) = (x − 1, y), M ′R = RM ′. Using

the notation of Eq. (1.2.2), if two functions f : R2 → R2 and g : R2 → R2
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satisfying

f(X + 1, y) = f(X, y) + 1 , and g(X + 1, y) = g(X, y) , (3.1.1)

represent the lift M ′, i.e.,

M ′ : (X, y) 7→ (f(X, y) , g(X, y)) , (3.1.2)

then the map M is simply given by

M : (x, y) 7→ (f(x, y) mod 1, g(x, y)) . (3.1.3)

where (X, y) ∈ R2 , is the lift of (x, y) ∈ T × R . Eq. (3.1.1) imposes the

commutation M ′R = RM ′. We can easily verify that M ′nR = RM ′n, i.e., if

M ′n : (X, y) 7→ (f (n)(X, y) , g(n)(X, y), then

f (n)(X + 1, y) = f (n)(X, y) + 1 , and g(n)(X + 1, y) = g(n)(X, y) .

(3.1.4)

If we choose (−1/2, 1/2] × R as the domain for M , then the above commu-

tations imply that n iterations of M ′ followed by an appropriate number of

applications of R is equivalent to n iterations of M . Thus, instead of study-

ing M , we can equivalently study the pair of commuting maps (R,M ′) of R2

to itself. In fact, we study exactly such a pair numerically! The RGOs are

defined on the space of such commuting map pairs. The introduction of com-

muting map pairs is convenient because it removes complications associated
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with spatial rescaling and periodicity (of the cylinder).[48, 32]

Let (U, T ) be a pair of commuting maps. The orbit of a point z =

(x, y) ∈ R2 is the set of points {UmT nz} for m,n ∈ Z. An orbit has the

winding number ω if for some sequence {pi/qi} of rationals with qi →∞ and

pi/qi → ω, the sequence (πUpiT qiz)/qi → 0. (Here πz = x is the projection

from R2 to R.) An orbit is periodic of type (p, q) if UpT qz = z and (p, q)

are the smallest such integers. Such periodic orbits have winding number p/q.

An invariant torus is a curve that extends from x = −∞ to x = +∞ that

is invariant under both U and T . Generically, invariant tori have irrational

winding numbers as discussed in detail in Sec. 1.3.

In Sec. 1.6.1 we discussed how an invariant torus of irrational wind-

ing number ω is approximated by periodic orbits with winding numbers that

approximate the winding number of the torus. To facilitate calculation it is

important to find the sequence of rationals that converge the fastest to ω.

The convergents obtained by truncation of the continued fraction expansion

provide such a sequence. As we shall see, such sequences of convergents are

intimately connected to renormalization, which also suggests other sequences

that can be used to approximate the tori.

The convergents obtained by truncating the continued fraction expan-

sion of 1/γ = [0, 1] are the ratios Fi/Fi+1 of Fibonacci numbers which are

defined by

F0 = 0 , F1 = 1 , and Fi = Fi−1 + Fi−2 . (3.1.5)

The RGO R1/γ, for tori of winding number 1/γ, maps a pair (U, T ) of com-
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muting maps onto a new pair (U ′, T ′) as follows:

U ′ := B1/γ ◦ T ◦B−1
1/γ , T ′ := B1/γ ◦ U ◦ T ◦B−1

1/γ , (3.1.6)

where ‘◦’ denotes composition, and B1/γ is a coordinate change on R2. For

convenience this is written compactly as

U ′
T ′

 = R1/γ

U
T

 := B1/γ

 T

UT

B−1
1/γ . (3.1.7)

This operator has two parts:

• Space renormalization, which is achieved by the coordinate change B1/γ

on R2. This coordinate change is chosen to normalize (U, T ) and (U ′, T ′)

in some way.

• Time renormalization, which is achieved by the specific combination of U

and T . This combination maps periodic orbits of high-period convergents

of 1/γ onto those of low-period convergents. To be specific, an orbit zn

of (U, T ) with winding number Fi/Fi+1 is mapped to an orbit Bzn of
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(U ′, T ′) with winding number Fi−1/Fi:

U ′Fi−1T ′Fi
(
B1/γzn

)
= (B1/γTB

−1
1/γ)

Fi−1(B1/γUTB
−1
1/γ)

FiB1/γzn

= B1/γU
FiT Fi−1+FiB−1

1/γB1/γzn

= B1/γU
FiT Fi+1zn

= B1/γzn . (3.1.8)

The time renormalization also keeps the torus with winding number 1/γ

invariant, i.e., if z lies on the 1/γ-torus of (U, T ), then it also lies on the

1/γ-torus of (U ′, T ′).

This specific construction is directly motivated by the following two important

features of the phase space near a critical torus:

1. The torus itself is invariant under rescaling, i.e., if (x, y) lies on the torus,

then so does (αx, βy) for specific values of α, β ∈ R that depend on the

universality class under consideration. For the case of the critical 1/γ-

invariant torus in twist maps, α = −1.4148360 and β = −3.0668882

along the s1 symmetry line.

2. The low order periodic orbits locally coincide with the high order ones

after rescaling by exactly the same factors (α, β). Thus, if {x′n, y′n}N
n=0

are N points of the Fi/Fi+1 orbit and {xn, yn}N
n=0 are N points of the

Fi−1/Fi orbit, then (αx′n, βy
′
n) = (xn, yn). This scaling behavior near the

critical 1/γ-torus was observed in Refs. [31, 39, 69].
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Thus, the map at criticality is on the stable manifold of a fixed point of

the RGO and the coordinate change B1/γ at the fixed point is diagonal:

B1/γ(x, y) = (αx, βy).

There are two kinds of fixed points of these RGOs: simple and critical.

A simple fixed point is an integrable map, and its basin of attraction contains

all the maps for which the invariant torus exists. We present some of the fixed

points in Sec. 3.4.1. A critical fixed point is a map for which the invariant

torus under consideration is at criticality. All the maps in its basin of attraction

exhibit the same universal behavior at critical breakup.

3.2 RGOs for quadratic irrational winding numbers

Any quadratic irrational ω has an eventually periodic continued fraction

expansion.[40] Here we choose 0 < ω < 1. Then

ω = [0, q1, q2, . . . , ql, p1, p2, . . . , pk] , (3.2.1)

where pi, qi ∈ N. For such winding numbers, the RGO is defined as follows:

U ′
T ′

 = Rω

U
T

 := Bω

U rT t

U sT u

B−1
ω , (3.2.2)

where Bω is a coordinate change on phase space. Here r, s, t, u ∈ Z, with

|ru− st| = 1, are the elements of a matrix that relates approximants of ω. In

particular, convergents obtained by truncating the continued fraction expan-
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sion of Eq. (3.2.1) are related to each other by a matrix as follows:

mi+k

ni+k

 =

r s

t u


mi

ni

 for i > l + 1 . (3.2.3)

The existence of such a matrix was noted in Ref. [41]. A method for construct-

ing it in the present context is given in the Appendix.

It can be verified easily thatRω maps ami/ni-periodic orbit for i > l+1

to a mi+k/ni+k-periodic orbit. Let z be a mi+k/ni+k-periodic orbit of (U, T ),

i.e.,

Umi+kT ni+kz = z . (3.2.4)

Then

U ′miT ′ni (Bωz) = (BωU
rT tB−1

ω )mi(BωU
sT uB−1

ω )niBωz (3.2.5)

= BωU
rmi+sniT tmi+umiB−1

ω Bωz (3.2.6)

= BωU
mi+kT ni+kz (3.2.7)

= Bωz . (3.2.8)

Thus, Bωz is a mi/ni-periodic orbit of (U ′, T ′). We can also verify that the

torus with winding number ω is invariant (up to a coordinate change Bω)

under this operator, i.e., if z lies on the ω-torus of (U, T ) then Bωz lies on the

ω-torus of (U ′, T ′).
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The operator Rω is of the same form as that given for maps associated

with Hamiltonian flows in Proposition 1.1 of Koch.[41] We also note that Rω

defined here is slightly different from the one originally defined by MacKay.[47]

MacKay introduced an operator Nm defined by

U ′
T ′

 = Nm

U
T

 := B

 T

TmU

B−1 , (3.2.9)

with the property that an orbit of (x, y) has the winding number ω = [m,m1,m2 . . .]

under (U, T ) iff B(x, y) has winding number ω′ = [m1,m2, . . .] under (U ′, T ′).

As a consequence, (U, T ) has an invariant curve of winding number ω iff (U ′, T ′)

has an invariant curve of winding number ω′, where ω and ω′ are related by

ω = m+ 1/ω′.

The key difference between MacKay’s operator and the one used here is

that in his case the winding number of the orbit under consideration changes

after each application of Nm, while the operator Rω preserves the winding

number. As a consequence, in each step of the renormalization a different Nm

is used, while here the same Rω is applied every time. Also, Rω maps onto

each other periodic orbits with winding numbers equal to the approximants of

ω while Nm maps onto each other periodic orbits which approximate tori with

different frequencies. For numbers of the form ω = [0, p], the two operators

coincide. The advantage of using Nm is that it is not restricted to quadratic

irrational winding numbers. The operator Nm has been further studied in e.g.

Refs. [35, 50, 77] and references therein.

For later use, we also write down the RGOs for winding numbers of the

96



form

Ωl = [0, q1, q2, . . . , ql, p] . (3.2.10)

Let us denote

ωp = [p] = (p+
√
p2 + 4)/2 . (3.2.11)

Then,

Ωl =
(a+ bωp)

(c+ dωp)
, (3.2.12)

where a, b, c, d ∈ Z are given by

a/c = [0, q1, q2, . . . , ql−1] , b/d = [0, q1, q2, . . . , ql] , (3.2.13)

and δ := ad−bc = (−1)l.[40] The relation between the successive approximants

of Ωl is given by

mi+1

ni+1

 =

A B

C D


mi

ni

 for i > l + 1 , (3.2.14)

where

A = (1/δ)(bd− ac− bcp), B =(1/δ)(a2 − b2 + abp) , nn (3.2.15)

C = (1/δ)(d2 − c2 − cdp), D =(1/δ)(ac− bd+ adp) , (3.2.16)

and AD−BC = −1. (See the Appendix.) The RGO for this winding number
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is given by

RΩl

U
T

 = BΩl

UATC

UBTD

B−1
Ωl
. (3.2.17)

Thus for the winding number Ω0 = 1/ωp = [0, p], we get the operator Np:

R1/ωp

U
T

 = B1/ωp

 T

UT p

B−1
1/ωp

. (3.2.18)

3.3 Conjugacy relations between the RGOs

In this section we find the coordinate changes, on the space of com-

muting map pairs, that induce conjugacies between the RGOs of different

winding numbers that have the same periodic ‘tail’ of the continued fraction

expansion. For simplicity, we will work with numbers of the form given in

Equations (3.2.10), (3.2.11), and (3.2.12). This can be generalized easily to

numbers with arbitrary periodic tails if we replace ωp by ω0 = [pk, pk−1, . . . , p1].

We will show that for Ωl and ωp as defined in Equations (3.2.10) and

(3.2.11), the following conjugacy holds between the operators R1/ωp and RΩl
:

RΩl
= C−1 ◦ R1/ωp ◦ C , (3.3.1)

98



where

C

U
T

 = S

UaT c

U bT d

S−1, C−1

U
T

 = S−1

Ud/δT−c/δ

U−b/δT a/δ

S , (3.3.2)

and S is a particular phase space coordinate change.

To prove the above statement, note that the RHS of Eq. (3.3.1) acting

on (U, T ) yields:

C−1◦R1/ωp ◦ C

U
T

 = C−1 ◦ R1/ωp

SUaT cS−1

SU bT dS−1



= C−1

 B1/ωp

(
SU bT dS−1

)
B−1

1/ωp

B1/ωp (SUaT cS−1)
(
SU bT dS−1

)p
B−1

1/ωp



= (S−1B1/ωpS)

U (bd−ac−bcp)/δT (d2−c2−cdp)/δ

U (a2−b2+abp)/δT (ac−bd+adp)/δ

 (S−1B1/ωpS)−1

= (S−1B1/ωpS)

UATC

UBTD

 (S−1B1/ωpS)−1 ,
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while the LHS of Eq. (3.3.1) is

RΩl

U
T

 = BΩl

UATC

UBTD

B−1
Ωl
. (3.3.3)

Thus, if S−1B1/ωpS = BΩl
, then Eq. (3.3.1) holds.

The above conjugacies C of the RGOs are a direct consequence of the

fact that different winding numbers with the same tail in their respective

continued fraction expansions are related by a unimodular transformation (a

transformation given by an integer matrix with unit determinant). Also, the

construction of the RGOs themselves is based on Eq. (3.2.3) which shows that

the ith and i+ kth convergents of the irrational of Eq. (3.2.1) are also related

by a unimodular transformation. These transformations have been used to

study the critical function of twist maps.[12, 11].

We have presented the operators for winding numbers 0 < ω < 1. The

operator for ω > 1 can be shown to be conjugate to that for 0 < 1/ω < 1 by:

Rω = I−1 ◦ R1/ω ◦ I , (3.3.4)

where

I

U
T

 = SI

T
U

S−1
I , I−1

U
T

 = S−1
I

T
U

SI . (3.3.5)
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If ω < 0, then we can write ω = −p + ω̃, where 0 < ω̃ < 1 and p ∈ N. The

operator for ω is conjugate to that for ω̃ by:

Rω = N−1 ◦ Rω̃ ◦ N , (3.3.6)

where

N

U
T

 = SN

 U

TU−p

S−1
N , N−1

U
T

 = S−1
N

 U

TUp

SN . (3.3.7)

In Equations (3.3.5) and (3.3.7), SI and SN are phase space coordinate changes.

An important consequence of Eq. (3.3.1) is that the fixed points (UΩl
, TΩl

)

and (U1/ωp , T1/ωp) of RΩl
and R1/ωp , respectively, are related by the coordinate

change C on the space of maps, i.e.,

C

UΩl

TΩl

 =

U1/ωp

T1/ωp

 . (3.3.8)

Recall that all maps in the basin of attraction of a fixed point of any RGO

exhibit the same universal behavior. The relation (3.3.8) also implies that the

maps corresponding to the fixed points (UΩl
, TΩl

) and
(
U1/ωp , T1/ωp

)
belong to

the same universality class, and exhibit the same universal critical behavior. In

general, since the maps with critical invariant tori of winding numbers with the

same continued fraction expansion tail are related to each other by coordinate
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transforms on the space of maps, they belong to the same universality class. In

the following two section, we will see how the simple fixed points and critical

fixed points belonging to the same universality class are related to each other.

3.4 Fixed points and cycles of RGOs for specific maps

In this section, we present some specific cycles of the RGOs introduced

above. The form of the simple cycles we find is the same as the simple fixed

point and the simple two-cycle ofR1/γ found in Refs. [47] and [23], respectively.

This specific form is motivated by the integrable (k = 0) limit of the standard

map and the SNM.

In Sec. 3.4.1, we find the simple fixed points (with linear twist as in

the standard map) and two-cycles (with quadratic twist as in the SNM) of

RΩl
. In Sec. 3.4.2, we interpret the six-cycle of residues at criticality of tori

noble winding numbers as a critical nontwist twelve-cycle for the RGOs of

those noble winding numbers and in Sec. 3.5, we find the (critical) conjugacy

relations (in the sense of the above section) between them.

3.4.1 Simple fixed points and two-cycles

In this section we present the integrable fixed points and two-cycles

of RΩl
[Eq. (3.2.17)]. We find the twist fixed point (UΩl

, TΩl
) and nontwist

two-cycle (UΩl±, TΩl±) of the form

UΩl
(x, y) = (x+ ey + f, y) , TΩl

(x, y) = (x+ gy + h, y) , (3.4.1)
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and

UΩl±(x, y) = (x+ e±y
2 + f±, y) , TΩl±(x, y) = (x+ g±y

2 + h±, y) , (3.4.2)

by solving the following equations

BΩl
UA

Ωl
TC

Ωl
B−1

Ωl
(x, y) = UΩl

(x, y), BΩl
UB

Ωl
TD

Ωl
B−1

Ωl
(x, y) = TΩl

(x, y) ,

(3.4.3)

and

BΩl
UA

Ωl±T
C
Ωl±B

−1
Ωl

(x, y) = UΩl∓(x, y) , BΩl
UB

Ωl±T
D
Ωl±B

−1
Ωl

(x, y) = TΩl∓(x, y) ,

(3.4.4)

where BΩl
(x, y) = (αΩl

x, βΩl
y) is the space renormalization. Eqs. (3.4.3)-

(1.2.3) are simply the explicit form of

RΩl

UΩl

TΩl

 = BΩl

UA
Ωl
TC

Ωl

UB
Ωl
TD

Ωl

B−1
Ωl

=

UΩl

TΩl

 , (3.4.5)

and

RΩl

UΩl±

TΩl±

 = BΩl

UA
Ωl±T

C
Ωl±

UB
Ωl±T

D
Ωl±

B−1
Ωl

=

UΩl∓

TΩl∓

 . (3.4.6)

We also tried to find the nontwist fixed point and twist two-cycle. They are

not presented here because the winding number for the nontwist fixed point

is found to be constant (as a function of y), which we refer to as an integrable
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twistless map and the twist two-cycle is simply a multiple of the twist fixed

point.

Let us introduce some notation for representing the solutions. We will

use Eqs. (3.2.10)-(3.2.12), and (3.2.16). The quadratic equation satisfied by

s := −1/Ωl can be shown to be

B2s2 + (2D − p)s+ (D2 −Dp− 1) = 0 . (3.4.7)

Let us denote by s̃ the other solution of this equation. The following relation

can be established:

s =
−Cωp

1 + Aωp

and s̃ =
C

ωp − A
. (3.4.8)

Solving Eq. (3.4.3), we get four fixed points: two of these are trivial

because the winding number is a constant; one of them has s̃ as the winding

number of the y = 0 orbit. Thus, the only one which has the winding number

Ωl at y = 0 is the following.

UΩl
(x, y) = (x+ ey + f, y) , TΩl

(x, y) = (x+
e

s̃
y − Ωlf, y) , (3.4.9)

BΩl
(x, y) = (−ωpx,−ω2

py) . (3.4.10)

This is really a two-parameter family of fixed points (parametrized by (e, f)).

Using the definition Up
Ωl
T q

Ωl
(x, y) = (x, y) of a periodic orbit of winding number
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p/q, we obtain the winding number as a function of y:

w(y) = −
e
s̃
y − Ωlf

ey + f
= Ωl

(
1− e

s̃Ωlf
y

)(
1 +

e

f
y

)−1

(3.4.11)

= Ωl

[
1−

(
1 +

1

Ωls̃

)
e

f
y +O

(
y2
)]

. (3.4.12)

We see that the invariant torus at y = 0 has the winding number Ωl, and that

the winding number changes linearly with y. Thus, this is the twist fixed point

of RΩl
.

Solving Eq. (1.2.3) results in sixteen two-cycles: half of these are trivial

because they have constant winding numbers; four of them have s̃ as the wind-

ing number of the y = 0 orbit; for two of them, UΩl+ (respectively TΩl+) differs

from UΩl− (respectively TΩl−) only in the constant terms f± (respectively h±).

Thus, the only nontrivial two-cycles with the winding number Ωl at y = 0 are:

UΩl±(x, y) = (x± ey2 + f, y) , TΩl±(x, y) = (x± e

s̃
y2 − Ωlf, y) , (3.4.13)

BΩl
(x, y) = (−ωpx,±ωpy) . (3.4.14)

This again is a two-parameter family of two-cycles. As above, we obtain the

winding number

w±(y) = −
± e

s̃
y2 − Ωlf

±ey2 + f
= Ωl

[
1∓

(
1 +

1

Ωls̃

)
e

f
y2 +O

(
y4
)]

. (3.4.15)

We see that y = 0 is the torus with winding number Ωl and w±(y) has an
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extremum at y = 0. Thus, this is the nontwist two-cycle of RΩl
.

Replacing Ωl by (1/ωp), i.e., setting a = 1 , b = 0 , c = 0 , and d = 1

gives the integrable twist fixed point and nontwist two-cycle of R1/ωp . These

are given by:

U1/ωp(x, y) = (x+ ey + f, y) , T1/ωp(x, y) = (x+ eωpy −
f

ωp

, y) , (3.4.16)

B1/ωp(x, y) = (−ωpx,−ω2
py) , (3.4.17)

and

U1/ωp±(x, y) = (x± ey2 + f, y) , T1/ωp±(x, y) = (x± eωpy −
f

ωp

, y) ,

(3.4.18)

B1/ωp(x, y) = (−ωpx,±ωpy) . (3.4.19)

Here, we explicitly verify that the fixed point (two-cycle) of R1/ωp is related to

the fixed point (two-cycle) of RΩl
by the coordinate change C of Eq. (3.3.2).

Thus, we show that

SUa
Ωl
T c

Ωl
S−1(x, y) = U1/ωp(x, y) , and SU b

Ωl
T d

Ωl
S−1(x, y) = T1/ωp(x, y) ,

(3.4.20)

which is the explicit form of Eq. (3.3.8). We assume that the coordinate change

S is diagonal, i.e., S(x, y) = (µx, νy). Evaluating the LHS of each of the above
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equations, we get

SUa
Ωl
T c

Ωl
S−1(x, y) = SUa

Ωl
T c

Ωl
(x/µ, y/ν) (3.4.21)

= S

(
x

µ
+ c
(e
s̃

y

ν
− Ωlf

)
+ a

(
e
y

ν
+ f
)
,
y

ν

)
(3.4.22)

=
(
x+

(c
s̃

+ a
) eµ
ν
y + f (a− cΩl)µ

)
(3.4.23)

=: (x+ e′y + f ′) , (3.4.24)

and

SU b
Ωl
T d

Ωl
S−1(x, y) =

(
x+

(
d

s̃
+ b

)
eµ

ν
y + f (b− dΩl)µ

)
(3.4.25)

=: (x+ g′y + h′) . (3.4.26)

For Eq. (3.4.20) to hold, we need that h′/f ′ = −1/ωp and g′/e′ = ωp. Using

the relations

s̃ =
d− cωp

−b+ aωp

, and Ωl =
a+ bωp

c+ dωp

, (3.4.27)

which can be established by straightforward algebra, we obtain,

h′

f ′
=
b− dΩl

a− cΩl

=
b− da+bωp

c+dωp

a− ca+bωp

c+dωp

= − 1

ωp

, (3.4.28)
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and

g′

e′
=
d+ bs̃

c+ as̃
=
d+ b d−cωp

−b+aωp

c+ a d−cωp

−b+aωp

= ωp . (3.4.29)

An almost identical calculation shows that the two-cycles of RΩl
and R1/ωp

are also related by C of Eq. (3.3.2). Note that the phase space scalings BΩl
and

B1/ωp for the fixed points of RΩl
and R1/ωp , respectively, are identical while

the scaling given by S to relate them to each other is undetermined. We will

see later that for the critical fixed points of different winding numbers, the

phase space scalings (the Bs) are the same whereas the scalings that relate

them to each other (the Ss) have specific values that depend on the winding

numbers under consideration.

3.4.2 Critical fixed points

In Sec. 2.4.3, we presented the results comparing three critical shearless

tori with the noble winding numbers:

ω(1) = [0, 1, 1, 1, ...] =
1

γ
,

ω(2) = [0, 2, 1, 1, 1, ...] =
1

γ2
,

ω(3) = [0, 2, 2, 1, 1, 1, ...] =
γ2

(1 + 2γ2)
. (3.4.30)
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The RGOs for ω(2) and ω(3) are:

Rω(2)

U
T

 = Bω(2)

U−1T−1

UT 2

B−1
ω(2) , Rω(3)

U
T

 = Bω(3)

U4T−1

U11T−3

B−1
ω(3) .

(3.4.31)

Rω(2) was first presented in Refs. [84, 2]. Here we interpret the SNM with

critical shearless tori in terms of the critical fixed points of these RGOs. Since

the discussion applies to the RGOs and fixed points of any winding number,

we simply talk in terms of a general winding number ω.

Recall that if (U ′, T ′) = Rω(U, T ), then the periodic orbits of (U, T )

are mapped onto those of (U ′, T ′) and the ω-torus of (U, T ) is mapped onto

that of (U ′, T ′). If the ω-torus of M := (U, T ) shows self-similarity, and if

its periodic orbits map onto each other, then we infer that M = RωM, i.e.,

(U, T ) is a fixed point of Rω. The mapping of periodic orbit is seen locally

in phase space (see Fig. 2.25) and also in terms of residues: the residues of

consecutive periodic orbits are the same. If we represent the map pair M with

residue values of periodic orbits approximating ω-invariant torus,[32] i.e.,

M = (R1, R2, R3, . . . ) , and M′ = (R′1, R
′
2, R

′
3, . . . ) , (3.4.32)

then the action of the RGO can be written as

(R′1, R
′
2, R

′
3, . . . ) = Rω(R1, R2, R3, . . . ) = (R2, R3, R4, . . . ) (3.4.33)
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Thus, we see that when M is a fixed point of Rω, then

M = (R,R,R . . . ) . (3.4.34)

This is the renormalization group interpretation of Greene’s residue criterion.

Now consider the nontwist map written in terms of residues as follows:

M = (C1,−, C2,−, C3,−, C4,−, C5,−, C6,−, C1,−, C2,−, . . . ) , (3.4.35)

where Ci are the elements of six-cycle of residues at criticality given in Sec. 2.4.1,

and the “−” denote the orbits that do not exist. By construction, this map

is a period-12 orbit of renormalization group operator of the corresponding

winding number, i.e.,

RωM = M . (3.4.36)

Since the residues of the SNM at criticality show the above behavior only

asymptotically, i.e.,

M(ac, bc) ≈

lim
n→∞

(R1, R2, . . . , Rn, C1,−, C2,−, C3,−, C4,−, C5,−, C6,−, C1,−, C2, . . . ) ,

(3.4.37)

where R1, R2, . . . , Rn are residues of low order approximants that do not belong
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to the six-cycle, we see that M(ac, bc) is mapped to M under Rn
ω,

lim
n→∞

Rn
ω M(ac, bc) = M . (3.4.38)

If we are studying the breakup of the ω-shearless curve for parameter

values along the bifurcation curve for one of the low-period convergents, then

we start near the stable manifold of the critical periodic orbit of Rω. But,

under the action of Rω, we are pushed along an unstable direction. Thus, we

see parts of the six-cycle of residues (see Fig. 2.20), but the limiting residue

behavior is observed to be limi→∞ |Ri| ≈ 0.25, which is characteristic for the

critical fixed point of twist maps (see e.g. Ref. [47]). In renormalization group

language, this means that part of the unstable manifold of the critical nontwist

fixed point (maps for which (a, b) is below (ac, bc)) is in the basin of attraction

of the critical twist fixed point.

3.5 Relation between the critical fixed points

In this section, we will interpret the results of Sec. 2.4.3 in terms of

conjugacies between the above RGOs.

In an argument paralleling the one in the previous section, consider

the maps (U (i), T (i)) and (U (j), T (j)) with critical ω(i)- and ω(j)-tori. Since the

ω(i)-torus shows similarity to the ω(j)-torus and periodic orbits of (U (i), T (i))

map onto those of (U (j), T (j)) (see Sec. 2.4.3), we infer that (U (i), T (i)) =

C(U (j), T (j)), i.e., the two maps, which are on the stable manifolds of critical

fixed points of Rω(i) and Rω(j) respectively, are related by a coordinate change
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C on the space of maps. [See Eq. (3.3.8).] This transformation involves a phase

space coordinate change S which is diagonal because the relation between the

two invariant tori is one of simple rescaling. In fact, the rescaling factors (given

in Sec. 2.4.3) are the diagonal elements of this transformation S:

S(1,2)(x, y) = (A(1,2)x,B(1,2)y) = (8.14x,−3.81y) , (3.5.1)

S(1,3)(x, y) = (A(1,3)x,B(1,3)y) = (6.12x,−1.43y) . (3.5.2)

Note also that the periodic orbits that map onto each other under C have

winding numbers that are convergents of different irrationals. This is necessary

because orbits with winding numbers that are convergents of ω(i) do not exist

for the map (U (j), T (j)).

3.6 Other sequences of winding numbers

The RGOs were constructed using the modular transformation relating

the convergents of continued fraction expansion, as given in Eq. (3.2.3). But

the above representation of the map pairs in terms of the residues suggests that

we can use sequences other than these convergents. In particular, the residues

of periodic orbits with winding numbers equal to any sequence generated using

Eq. (3.2.3) will show a convergence pattern similar to the residues of orbits with

winding numbers equal to the convergents of continued fraction expansion. For
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mi ni Ru1 Ru2 mi ni Ru1 Ru2

1 3 -18.095 23.095
4 7 -32.820 33.031 1 4 187.430 187.430

11 18 -10.587 -10.587 5 9 -285.108 289.670
29 47 -9.380 12.966 14 23 335.548 -145.218
76 123 27.327 -25.473 37 60 -46.934 -46.934

199 322 20.022 20.022 97 157 -189.367 205.191
521 843 -8.216 11.333 254 411 -84.073 249.588

1364 2207 -24.849 27.326 665 1076 48.210 48.210
3571 5778 -7.052 -7.052 1741 2817 -180.658 200.698
9349 15127 -8.344 11.528 4558 7375 250.707 -86.921

24476 39603 27.353 -24.955 11933 19308 -37.305 -37.305
64079 103682 20.247 20.247 31241 50549 -182.001 201.539

167761 271443 -8.345 11.526 81790 132339 -87.548 251.420
439204 710647 -24.913 27.297 214129 346468 49.774 49.774

1149851 1860498 -7.058 -7.058 560597 907065 -181.650 201.071

Table 3.1: Six-cycle of residues of up orbits on s1 and s2 for sequences approx-
imating ω(1) generated using Eq. (3.2.3) with (r, s, t, u) = (0, 1, 1, 1).

example, for ω(1), the sequences of winding numbers given by

m0

n0

 =

1

p

 for p > 2 , (3.6.1)

mi+1

ni+1

 =

0 1

1 1


mi

ni

 for i ≥ 0 , (3.6.2)

approach ω(1) = 1/γ and we expect the residues of these periodic orbits to

show a six-cycle behavior at criticality of the 1/γ-shearless torus. In fact

such six-cycles for p = 3, 4 are shown in Table 3.1. The limiting residue

values are different for different sequences but each one shows a six-cycle. The

113



mi ni Ru1 Ru2 mi ni Ru1 Ru2

1 4 6.848 6.848 1 5 20.237 49.047
4 11 -5.762 3.762 5 14 -4.248 -4.248

11 29 28.407 -18.522 14 37 -97.532 151.042
29 76 23.994 23.994 37 97 -89.381 280.089
76 199 -9.590 13.906 97 254 66.157 66.157

199 521 -25.610 27.166 254 665 -190.745 204.417
521 1364 -6.974 -6.974 665 1741 251.672 -86.819

1364 3571 -8.245 11.365 1741 4558 -36.544 -36.544
3571 9349 27.345 -24.880 4558 11933 -181.057 201.033
9349 24476 20.233 20.233 11933 31241 -87.074 250.964

24476 64079 -8.346 11.531 31241 81790 49.763 49.763
64079 167761 -24.955 27.353 81790 214129 -182.016 201.543

167761 439204 -7.089 -7.089 214129 560597 251.397 -87.527
439204 1149851 -8.345 11.526 560597 1467662 -37.344 -37.344

Table 3.2: Six-cycle of residues of up orbits on s1 and s2 for sequences approx-
imating ω(2) generated using Eq. (3.2.3) with (r, s, t, u) = (−1,−1, 1, 2).

residue six-cycles for two sequences approximating ω(2) are shown in Table 3.2.

Comparing the limiting residue values for the two different winding numbers,

we see that there is a sequence approximating ω(1) whose limiting residue

values are the same as those for some sequence approximating ω(2).

Thus we see that a countable infinity of limiting residue values can be

obtained from the different sequences approximating any given irrational, as

long as these sequences are generated from different rationals using Eq. (3.2.3).

This suggests that these limiting residue values might indeed be used as coor-

dinates in the space of maps as suggested by John Greene. The observation

that the limiting residue values for different noble winding numbers are the

same indicates that these residue values are a good coordinate independent

representation of the critical fixed point. It also supports the assertion that

critical maps for different nobles flow to the same fixed point under the action
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of their respective RGOs. Currently we are exploring the full implications of

these preliminary results. We hope that these studies can lead to a better

understanding of the space of maps and of the critical fixed points.
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Chapter 4

Conclusions and future work

The investigations undertaken in this dissertation started with the aim

of studying the destruction of shearless tori in the standard nontwist map

(SNM) and the renormalization interpretation. On the way, other interesting

aspects of this map and some ideas about renormalization group operators

caught my attention, and made their way into this document. Here I will

summarize the main accomplishments and indicate some directions for further

development of these ideas.

We studied the phenomena of bifurcation and reconnection, leading to

the idea of meandering tori. These are the non-KAM tori that emerge after

reconnection of odd-period orbits in the SNM. A study of the destruction

of these tori is of interest because they occur only in nontwist maps. Also

the implications of these meanders for transport in phase space are not fully

understood.

We developed numerical techniques to calculate periodic orbits and bi-

furcation curves with large period (of up to about 107). These calculations

allows us to study the breakup of shearless tori with high accuracy and inves-

tigate their critical behavior. We studied the destruction of three tori with
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noble winding numbers. We are currently investigating the conjugacies be-

tween these three tori.

We constructed renormalization group operators (RGOs) for breakup

of tori with winding numbers that are quadratic irrationals and calculated the

integrable fixed points of these operators. Coordinate changes on the space

of maps relate these fixed points to each other, and also induce conjugacies

between these RGOs. To complete the picture of the space of area-preserving

maps near the integrable fixed points, the calculation of eigenvalues and eigen-

vectors of these RGOs linearized at the integrable fixed points is being carried

out.

Finally, we interpreted the SNM with critical shearless tori as being

on the stable manifold of a critical fixed point. Maps with different critical

shearless tori are related by the coordinate changes on the space of maps. The

construction of the RGOs also suggests that sequences other than the con-

vergents of continued fraction expansion can also be used in Greene’s residue

criterion. Preliminary results in this direction suggest that a further study

will surely reveal the structure of the space of area-preserving maps and the

action of RGOs near the critical fixed points.
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Appendix
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Relations between convergents of continued

fraction expansion

In this appendix, we derive the relation (3.2.16) and present a method

to calculate the integer matrix given by r, s, t, u in Eq. (3.2.3).

1. To get Eq. (3.2.16), let gi/hi be the convergents of 1/ωp. Then,

gi+1

hi+1

 =

0 1

1 p


gi

hi

 . (A.0.1)

The convergent mi+1/ni+1 of Ωl, given by

mi+1

ni+1

= [0, q1, . . . , ql, p, . . . , p] , (A.0.2)

where p appears (i− l + 1) times, is related to gi−l+1/hi−l+1 by

mi+1

ni+1

=
agi−l+1 + bhi−l+1

cgi−l+1 + dhi−l+1

, (A.0.3)

where a, b, c, d are the same as in Eq. (3.2.13).[40] From Eqs. (A.0.1)-
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(A.0.3) it follows that

mi+1

ni+1

 =

a b

c d


0 1

1 p


a b

c d


−1mi

ni

 (A.0.4)

which leads to (3.2.16) by multiplying the matrices above. Note that

Eq. (A.0.3) is valid only for i > l − 1.

2. To get r, s, t, u of Eq. (3.2.3), let us denote by Gi/Hi the convergents of

[0, p1, p2, . . . , pk]. Then,

Gi+k

Hi+k

 =

a′ b′

c′ d′


Gi

Hi

 , (A.0.5)

where a′, b′, c′, d′ ∈ Z are given by

a′/c′ = [0, p1, p2 . . . , pk−1] , b′/d′ = [0, p1, p2, . . . , pk] , (A.0.6)

and a′d′ − b′c′ = (−1)k. The convergents mi+k/ni+k of ω are related to

Gi−l+k/Hi−l+k by

mi+k

ni+k

=
aGi−l+k + bHi−l+k

cGi−l+k + dHi−l+k

, (A.0.7)

where a, b, c, d are the same as those in Eq. (3.2.13).[40] From Eqs. (A.0.5)-
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(A.0.7) it follows that

mi+k

ni+k

 =

a b

c d


a′ b′

c′ d′


a b

c d


−1mi

ni

 . (A.0.8)

Multiplying the matrices and comparing with Eq. (3.2.3) results in ex-

plicit, though not very illuminating, expressions for r, s, t, u. We note

that

ru− ts = det

a′ b′

c′ d′

 = (−1)k . (A.0.9)

We also note that all the matrices that appear above are unimodular. Equa-

tions (A.0.3) and (A.0.7) relate the numbers that have common tail in con-

tinued fraction expansion and have been used in the work of Ref. [12, 11].

Equations (A.0.1) and (A.0.5) relate the numbers with a common “head” in

continued fraction expansion but have different number of nonzero elements.

The unimodularity of these relations allows us to construct the RGOs and the

conjugacies.
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[74] C. Simó, “Invariant curves of analytic perturbed nontwist area preserving

maps,” Regul. Chaotic Dyn. 3, 180 (1998).

129



[75] G. Stagika and S. Ichtiaroglou, “Twist and non-twist bifurcations in a

system of coupled oscillators,” Celestial Mech. and Dynamical Astro.

78, 151 (2000).

[76] J. Stark, “Determining the critical transition for circles of arbitrary rota-

tion number,” Phys. Lett. A 163, 258 (1992).

[77] A. Stirnemann, “Towards an existence proof of MacKay’s fixed point,”

Commun. Math. Phys. 188, 723 (1997).

[78] T. H. Stix, “Current penetration and plasma disruption,” Phys. Rev.

Lett. 36, 10 (1976).

[79] K. Ullmann and I. L. Caldas, “A symplectic mapping for the ergodic

magnetic limiter and its dynamical analysis,” Chaos, Solit. and Fract.

11, 2129 (2000).

[80] J. P. van der Weele and T. P. Valkering, “The birth process of periodic

orbits in non-twist maps,” Physica A 169, 42 (1990).

[81] J. P. van der Weele, T. P. Valkering, H. W. Capel, and T. Post, “The
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