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1 Random walks

1.1 Random walk in one-dimension

One-dimensional random walk: Consider a walker on a one dimensional lattice. At every time
step the walker tosses an unbiased coin and moves to the left if its a head and to the right if its a
tail. Thus for every step there are 2 possibilities and the walker chooses either of them with equal
probability. After taking IV steps the walker can be anywhere between — N to N and we would like
to know: what is the probability P(n, N) that the walker is at some point n 7 We note that there
are 2V distinct possible walks, each of which occurs with the same probability. Out of this let us
say T'(n, N') walks end up at the point n. Then clearly

W(n, N) T(;’;VN ), (1)

We can find T'(n, N) as follows. For any given realization of the walk let ng be the number of right
steps and let ny be the number of left steps. Then ng +n;, = N and ng — nyp = n.

Example: One possible realization of a 10—step walk is LRRLLRLLRL. In this case N =
10, ng =4, ny, =6 and n = —2. A different realization of the walk which leads to the same values
of N,ng,ny,nis LLLLRRRRLL.

Clearly there are many possible ways of arranging the ng Rs’ and ny L’s and the number of
ways would actually give us T'(n, N). This is a combinatorial problem and the answer is:

N!
T(n,N) = . (2)

Problem: Check this formula for N =4 !!

Now since ng = (N +n)/2 and ny, = (N —n)/2 we therefore get, using Eq. (1) and Eq. (2),

NI 1

2 2 ¢

Problem: Check normalization: >\ W(n, N) = 1. Use the fact that (1/2+1/2)Y = 1.

Now what we would eventually like to get is a “continuum description”, that is we want to look
at length scales much larger than the lattice spacing (say @) and time scales much larger than time
taken for each step (say 7). Let us try to get this.

First let us use Stirling’s approximation. This states that for large k,

k! = ke *ork.

This formula is infact very good even for k as small as 5; in that case k! = 120 while Stirling gives

~ 118. Using Stirling’s formula in Eq. (3) we get:

NNe—N\/W 1
W(n7 N) - Nan\Nin _ Ntn N4n\(N-n\d=n _N-n N—n 2_N (4)
(57) 2 e 2\ 2m(F) () T e\ 2m(R )
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After simplification this reduces to:

21w N)/?
W(n7 N) = N+n ( J?ffn 2
I+ 3) 7= (1=F)= 7N - §z)?

We now consider n << N only or more prcisely n ~ O(v/N). In this limit, we get

Wn, N) = () e i (6)

This is easiest to obtain by taking In W (n, N) and expanding. Now let x = na and t = N7. Then
the probability density for the walker to be between x and x + dx is

P(z,t) = Wi(n,N)/(2a)
1 2?2
— 4(a2/27)t . 7
(A (a2/27)t)1 72" 0
The reason we divide by 2a and not a is because after N steps the walker can be located either on
even sites (if N is even) or on odd sites (N odd). Now defining the diffusion constant D = a?/(27)

we finally get

1 _ o2
(47TDT,)1/26 e (8)
Problem: Check that [*_ dxP(x,t) = 1. Also verify that (z) = 0 and (z?) = 2Dt, where (A) =
2, deAP(z,t).

The moments (x) and (z?) can be obtained more directly. The position of the walker xy after

P(x,t) =

N =t/ time steps is

x(t) = a;& (9)

where §; is +1 or —1 with equal probability (thus (&) = 0) and & and &; are uncorrelated or
independent, which means that (¢;£;) = 0. Therefore

@) = a3 (&) =0
@) = @ 3 6)

= a®(Q_(&) + > (&&5))
i=1 i#j
= a’N =2[a®/(27)](NT) = 2Dt (10)
Problem: Write a Monte-carlo program to generate 1 — D random walks and verify the law
(x?) = 2Dt.
Problem: Let ¢ = 1 with probability p and —1 with probability ¢ = 1 — p. Find (z(¢)) and

(°(t)) — (=(1))*.
Problem: Let x; = 2 with probability 1/2 and x; = —1 or 0 with probabilities 1/4 each. Find

(x(t)) and (2*(1)) — (x(1))*.
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1.2 Random walk and the Diffusion equation

An easier method to get Eq. (8) : Since a random walk is like diffusion of particles we expect
Eq. (8) to be the solution of the diffusion equation. Let us see how this comes about. As before,
W(n, N) is the probability that a particle is at the site n after N steps. It satisfies the following
equation

1

W(n,N) = S[W(n+1,N = 1)+ W(n—1,N -1) (11)

Subtract P(n, N — 1) from both sides. We then get

W(n, N) — W(n, N —1) = %[W(nJrl,N—l)—2W(n,N—1)+W(n—1,N—1)]

N Pla,t) - P(a,t—7) _ a®[Plx+a,t—1)=2P(@,t—71)+Plx—at—1)

T 27 a?
OP(z,t) D02P(x,t)

ot Ox?
which is just the diffusion equation. Normally in the diffusion equation we have density of particles
p(x,t) instead of a probability P(x,t). But they are simply related by p(z,t) = N P(x,t) where N

is the total number of diffusing particles.

(12)

Now Eq. (12) is a linear equation which can be easily solved by Fourier transforming. Solving
means: given an initial distribution of particles P(z,t = 0) find the distribution P(z,t) at some
later time ¢. Let us solve for the initial condition P(z,t = 0) = §(z), that is the case when initially
the particle is located at the origin. Taking a Fourier transform:

0o . - 1 0o .
P(x,t) = / Pk, t)edk: Pk,t) = 5= / P(x,t)e *dz. (13)
—00 T J—0

gives

~ 9Pk 1) . _
/ OPWK) it g, / —DI2P(k, t)e* e dk

—o at — 00
oP(k,t) .
5 —Dk*P(k,t)
~ 2, ~ 1 2
= P(k,t) = e P"'P(k,0) = —e Pk (14)

27
Taking the inverse Fourier transformation we get:

1 /OO e—Dkzteikxdk

1 il

- (47TDt)1/2€_4D (15)
as before.
Note that the diffusion equation can also be written in the following form:
P(x,t t
0 gg’ ) + 8Jéi’ ) _ 0  where (16)
OP(x,t)
J(x,t) =—D :
(2,1 -
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Higher dimensions: We can consider a random walk on a 2—dimensional, 3—dimensional
or in general a d—dimensional lattice and ask the same questions. The combinatorial approach
becomes difficult but we get the same diffusion equation which can again be solved quite easily.

To see that we do get the same equation, consider the 2—dimensional case, where a random
walker can move up, down, left or right with equal probabilities. Thus if at some time t = N7
the walker is at the point 7 = (z,y) then, at time ¢ + 7, it can be at either of the 4 points
(x+a,y), (r—a,y), (x,y+a), (x,y —a). The probability of it being at any of these 4 points is
clearly 1/4. Let P(7,t) be the probability for the walker to be at 7 at time t. Then Eq. (11) gets
modified to

P(r,t)==[P(x+a,y,t —7)+ P(x —a,y,t —7) + P(z,y +a,t —7)+ P(z,y —a,t — 7)]. (17)

o] =

Again subtracting P(7,t — 7) from both sides and defining D = a?/(47) we get the 2—dimensional
diffusion equation

IP(7,t) O*P(T,t) N O*P(T,t)

= . 18
ot [ Ox? dy? ] (18)
Similarly in 3—dimensions we get [with D = a?/(67)]
P(r,t
OPTY) _ poeprv). (19)
ot
To solve this we again Fourier transform:
o 1
P 1) = / P(k,t)e* dk; P(k,t) = e / P, t)e~* dr, (20)
— 00 m —00
Proceeding exactly as in the 1 — D case we get:
_ 1 T -Dkt ik
P(T,t) = W/_oo dke €
1 r2
— P, )Py )P(x,1) = i (21)

@’

The mean square distance traveled by the walker is (r?) = (22 + y? + 2%) = 6Dt. We can verify
this more directly: Since 7(t) = a XN, &, therefore (72) = a®> YN (€2) = Na? = 6Dt.
Note that the number of walks of length N, from the origin to 7 is 6V P(7, t).

1.3 Langevin equations and Brownian motion

The random walk is basically described by the equation
T = Ti-1 +§
where &; is uncorrelated noise with zero mean that is

<§z‘> =0; <§z‘§j> = 5ij-



For continuous space and time these equations become:

dx(t) _
o =&t with (22)

(€(1)) =05 (£()§(t)) = 2Do(t —t').

This is the Langevin equation describing diffusion. It is the equation of motion for a free Brownian

particle (a particle whose velocity is a random function of time) and is the simplest example of a
Langevin equation. If we have a large number of such particles then we have seen that their density
obeys the diffusion equation which can be written in the form

8,0(x, t) 4 8Jd,-ff(x, t)
ot Ox

_ 9p(,1)
szff(l‘,t)— D ar .

Now consider a different situation where a large number of particles are moving with a deter-

=0 where

(23)

ministic (that is non-random) velocity. The equation of motion of each particle is then

dx(t)

“a f(@). (24)

In this case also we can define the density distribution of particles and ask the question: how does
the density change with time 7 This is basically determined from the conservation of particles
which is given by the following continuity equation:

8p($, t) + 8Jdm-ft(x, t)
ot Oz
JdTiﬁ(“T?t) = ip(([), t) = f($,t)p(l’,t). (25>

=0 where

Problem: Derive the continuity equation from the condition for conservation of particles which
is p(x,t)dx = p(o,t')dx’ where t' = t + dt and 2’ = x + dz. This is infact just the Liouville’s
equation in classical mechanics.

The Einstein fluctuation-dissipation relation: we will now use the previous results to derive a

formula which will enable us to make estimates of the diffusion constant D in real physical systems.
Consider a large number of colloidal particles put inside a fluid.

S o - o o
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Each colloidal particle is much larger than the fluid particles which constantly bombard it. The
net effect of all the forces imparted on the colloid by the fluid particles can effectively be described
very accurately by just two forces:

(i) A dissipative part: This is the viscous drag on the particle and is a deterministic force given
by

Fy = —yi = —6mnav, (26)

where v = & is the velocity of the particle, a is its radius, 7 is the fluid viscosity, and v = 67na is
Stokes formula.

(ii) A fluctuating part: this is a random force with zero average and which is totally uncorrelated
in time, that is we take

Fr=¢£(t); €@)=0 (£@)&t) =2Do(t —t). (27)

What the fluctuation-dissipation theorem (or Einstein relation) tells us is that the two parts
above are related to each other. To see how this comes about, consider the state when the colloidal
particles have reached a steady state and are in thermal equilibrium at some temperature 7. We
know that because of gravity there will be a concentration gradient of colloidal particles in the
system and their density will vary as:

mgx

plx) = p(z = 0)e &7, (28)
where m is mass of each particle. Also there will be two currents set up in the system:
(1) a diffusive current: Jyrr = —Dag—(;).

(2) a drift current: each colloidal particle is acted upon by two deterministic forces, one is the
drag force given by 6mnav and the other is gravity given by mg. In the steady state they are equal,

which means that the colloid attains a steady speed v = %. This, from Eq. (25), implies a drift

current given by Jy.ip = % p(x).
In the equilibrium state there is no net current of particles which means Jgrs = Jyrip+ which

gives
Op(x)  myg
oxr 67maDp(x)'
But from Eq. (28) we get
Op(x)  mg

From the two equations above we finally get the Einstein relation:

p= kel
6mna

(29)

Note that it relates the fluctuating (D) and dissipative (n) parts of the fluid forces acting on the
colloid.
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Since everything on the right hand side of Eq. (29) is known we can use it to estimate the value
of D.

Problem: Estimate the value of D for a colloid of size a = 1pm in water and in air. How far
does it travel in a minute? and in an hour?

A more systematic approach

The full equation of motion for a Brownian particle should be

dv

My == + F(x) + & (t) where
__dV(x)
Fla) ===~

(') =0; (D) =2D'6(t 1),

where V() is the external potential acting on the particle. Note that we have denoted the noise by
¢ instead of £ since, we shall see, that they are slightly different. Now we are working in the high
viscosity limit (overdamped, low Reynolds number limit) where it can be shown that it is alright
to neglect inertial terms, namely the term on the left hand side of the above equation. In that case
we get

V2~ P+
dr ()
[

€=% = (E(E) =2Dé(t —1'); D' =~D.

+&(t)  where

As we have seen before the current corresponding to the above Langevin equation is:

J = Jaifs + Jarift
_ Fl) op(a. )
- p(x,t) — D Ea

Using the continuity equation dp/0t + 0.J/0x = 0, this then leads to the following equation for
p(z,t):
Ip(z,1) 0 F(x) Op(z,1)
=——[—= ty— D———=

In the steady state dp/0t = 0 (or net current is zero), hence
porlz) _ F(z)

o T p(z)
oL

= p=ppe 77V

_V@
But we know that the density variation is given by the Boltzmann equation p = ppe *57. Thus we

again get the Einstein relation:

Dy = kyT (30)
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2 Polymers

A polymer is a large chain formed out of some basic repeating units called monomers. A monomer
has some fixed chemical composition. For example the monomer —C' Hy— gives rise to the polymer
polythene. The number of monomers in a single polymer can be as high as 10°. We will simply
think of the monomers as rigid rods of fixed length. Usually two successive monomers in a polymer
chain will not be uncorrelated. But two monomers separated by a large enough distance will be
uncorrelated. We define b as the average distance over which monomers become uncorrelated. This
will be called the persistence length of the chain.

The simplest model for a polymer is the Freely Jointed Chain model (FJC). We construct the
polymer by a series of steps of equal lengths (the persistence length, b). Each step is a vector &
which points in a random direction and is independent of previous steps. Thus for a polymer of N
steps with one end at the origin 0 and the other end at R [see Fig. below] , we have

R = f:él where (31)
=1
§=b; (§&n) =0 l#m

The FJC looks like the random walk we had defined earlier except that in that case each step could
be taken in six directions only, while in the FJC a step can take place in any direction. However
as we shall find out, many properties of the FJC are exactly like those of the usual random walk.

Right now we would like to know two things about the polymer:

(1) How does its linear size R depend on its total length L? If it was a rigid object we would
expect R ~ L, but since its coiled up, we expect R ~ L" with v < 1.

(2) The elastic properties of the polymer: We want to know how much force it takes to stretch
the polymer from its coiled up state to an extended state.

2.1 Properties of the FJC model

The first is easy. From Eq. (31)

N
RP=&+> &&, =Ny = Lb,
=1 l#m
where L = Nb is the length of the polymer chain. Note that the end to end distance R = v/Lb
depends on the persistence length also. For the extreme case of a rigid rod, b = L, and we get
R = L, as expected.
Computing the elastic properties of the chain: we want to find how much force, f, it takes in

order to hold the end-to-end distance at a fixed distance R. Thus we have to find the free energy
F(R,N,T). The force is then given by

_OF

f=5p (32)
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This is really like finding the pressure of a gas from its free energy F(V, N, T) using the formula
P = —0F/0V. The free energy, as usual, is given by F'(R, N,T) = —kgTIn Z where Z = > e PH
and the sum is over all configurations of the polymer with fized end to end distance R. Now as far
as the FJC is concerned all chain configurations have the same energy, which we can set to zero,
and hence we get

Z = > 1=Q(R,N) (33)

all con figurations

where (R, N) is the total number of polymer configurations with ends fixed at 0 and R. Now,
this is just given by

Q(R,N)=CNP(R,N), (34)

where P(R, N) gives the probability that after N steps the chain ends at R and Cy is the total
number of configurations [this is similar to Eq. (2) where Cy was 2V]. The distribution of the end
to end vector R, that is P(R, N), is infact identical to the usual random walk. We recall that the
random walk results are given by Eq. (21). We now want to think of the walk simply as a N—step
chain, so we change variables back to N =t/7 and D = b*/(67). This then gives

3 _3R2
(G2 J¥rem

- 2nLb
[ Note that while we are writing P(R, N) we really mean P(R, N) but the notation is alright since

P(R,N) =

—3R2

)3/2et0 . (35)

there is rotational symmetry.] The proof that P(R, N) for the FJC is also given by Eq. (35) is given
in App. (A). An important point to note is that this formula is accurate only for small extensions
e=R/L << 1. It is obvious that for e > 1 the formula is wrong since we expect P(R, N) to be
zero (because we cannot extend a polymer beyond its full length). For many purposes (like if we
want to calculate (R?)) this formula is good enough, since the probability for large x becomes so
small that its precise value does not really matter. On the other hand, for the force calculation at
large extensions, we do really need the exact result since we want to get the exact change in free
energy when we make a small change in R. We will see later how this can be done. Right now let
us get the results for small extensions.
The free energy is

3kpT R?

F = —kgTInQ(R,N) = —kgTIn Cy + =2 (36)
Thus the force is, from Eq. (32)
 3kpT | 3ksT
f==r B e (37)

Thus for small relative extensions (e << 1) we have a linear force-extension law which is like a
Hookean spring with spring constant k& = 3kgT/(bL). Note that though all configurations of a
flexible polymer have the same enerqgy, it still requires one to exert a force in order to stretch it.
Infact the origin of this force is purely ENTROPIC in nature.



2.2 Experimental determination of the size of a polymer

Through scattering of light one can measure the pair correlation function, g(7), given by:

o7 — 1) = o)) (39)

where p(7) gives the density of monomers at 7. The average (...) is over all the degrees of freedom
of the polymer, that is, its configurational and also translational degrees of freedom. It is because
of the average over translational degrees that ¢(7,7') depends only on the separation 7 — 7. The

fourier transform
9(a) = [ drg(r)e” (39)

gives the intensity of the scattered light as a function of the scattering angle [ § = k; — k; where k;
and k; are the directions of the incident and scattered rays. Therefore ¢ = 47 sin(6)/].

A scaling derivation of the form of g(q) at large ¢ (¢R >> 1).

The pair correlation function g(r) has the following physical interpretation: if we randomly pick
up any monomer and fix the origin at its location, then g(r) gives the average density of monomers
at a distance r from the origin. If we are looking at distances r << R [corresponding to ¢ >> 1/R),
then g(r) must depend on the average density of monomers in a sphere of radius . This is just
n/r? where n is the number of monomers within the sphere of volume 7 [in d dimensions]. Also
we know that in general r ~ n”b or n ~ (r/b)'/* ~ (r/b)%, where d; = 1/v is the fractal dimension
of the scatterer. Thus we get:

n (r/b)%
g(T) = ﬁ = T’d
= g(q) ~ /g(r)eiq”rd_ldrd(l
(T/b)df iG.7, d—1 1
/ ’r‘d e T d'f’dQ ~ W (40)

Experimentally it is found that for dilute polymers d; = 5/3, which corresponds to v = 3/5. For
a random walk model we would have expected v = 1/2. The fact that v = 3/5 means that the
polymer is really a more extended or swollen object than the random walk. The random walk gives
a more compact object because it does not take into account the important factor of self-avoidance.
In the random walk model clearly we can have the walk intersecting itself many times. The real
polymer obviously does not allow such intersections. Thus the correct way of modelling a flexible
polymer should be through the Self-Avoiding-Walk (SAW). This we study in the next section.

It is interesting to note the dependence of the structure factor at large ¢ on the fractal dimen-
sion of the scatterer. We note that for a homogeneous distribution of monomers within a sphere
corresponds to dy = 3 while for a rod like object dy = 1.
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2.3 The Self-avoiding-walk and the Flory theory

In the random walk case, all chain configurations occur with equal probability. In the case of the
SAW all chain configurations, which do not have self-intersections, can occur with equal probability.
As for the random walk, for the SAW too we would like to find- how the size of the polymer varies
with number of monomers?, what is the number of possible polymer configurations for fixed end-
to-end distance ? etc. The SAW problem is much harder and there are very few exact results. Here
we will only discuss an approximate theory due to Flory which gives a very good estimate of the
exponent v.

Flory’s argument: the self-avoidance means that it costs energy when two monomers come close
together. Thus there is an effective short-ranged repulsive interaction between different monomers.
Let us try to make a rough estimate of the contribution of this interaction to the free energy of
the polymer. Consider a polymer of size R and consisting of N units. The number of monomers
per unit volume is p = N/R?. Assume that every monomer interacts with every other so that the
interaction free energy per unit volume is kgTvp?, where v is a parameter with the dimensions of
volume. The total interaction free energy in the volume R? is thus

N
f%:@%%ﬁmz@ﬂ—a (41)
We add to this the entropic free energy of the random walk that we obtained earlier, to get the full
SAW free energy
N? 3R?
We minimize this with respect to R to get the most probable configuration:

or _

OR

— R~ N#3. Thus
3

YT U1

0

(43)

In 3—dimensions, we get v = 3/5, which is the exponent obtained in light scattering experiments.
Thus it is seen that the self avoidance condition is important. However there are two experimental
situations when the self-avoidance condition becomes unimportant and the polymer behaves ideally,
that is like an ordinary random walk with v = 1/2.

(i) At special points in phase space, so-called ©—point, which may be obtained by changing the
temperature and solvent properties.

(ii) In dense polymer solutions (polymer melts).

2.4 The force-extension law for the FJC model

We have seen earlier that for small extensions, the statistical properties of the FJC are the same
as the Gaussian random walk. We could compute the corresponding free-energy and obtained a
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linear force extension relation which is like a Hookean spring. At large extensions this is no longer
true and we will now look at this case.

First let us look at a toy problem, namely the one-dimensional version of the FJC which is just
the usual lattice random walk studied in sec. (I). In this case, the exact free energy (without taking
the limit n/N << 1) is given by

!

F(SL’,L,T) = —]{IBTII’IQ(LL’,L) :—kBTln[m]
N n n N n n
= —]{IBT[CN — 5(1 + N) In (1 + N) - 5(1 - N)hl (1 - N)
ki Tle — %(H D1+ 7) - %(1 - (- 1), (44)

where we have made use of Stirling’s approximation and cy (c¢y) denotes a part which is independent

of n (x). For /L << 1 we recover the usual result F = Fj + kgfgz

. For arbitrary extensions, the
force is obtained from the free energy in Eq. (44):

COF(z,L,T) kT, (1+
= T hc

x bf
= - = tomh(kBT) (45)
bf

L
This has the expected behaviours at both small forces when 7 ~ 7.7 and large forces for which

x/L — 1. Now we can get this result by working in a constant force ensemble instead of a constant

I8 8

extension ensemble. Thus let us define the free energy G = F' — fx. Then

dG = dF — fdx — xdf = —sdT — xdf

G = G(f.L.T): x:-%f’ﬂ.

The partition function corresponding to G(f, L, T) is given by
7= e PH-f2), (46)

where the sum over configurations is now unrestricted, that is we do not fix the end to end distance
=N, &. We will now start using a different notation to describe successive steps & = bs;, where

= +1 are like spins. Noting that for the FJC, all configurations have the same energy so that
we can set H = 0, we get

Z =Y PPl = [2cosh(B b))
{si}
= G(f,L,T) = Go(L,T) — NkgT Incosh(5fb)

=1 = —g—? = Ltanh(Bbf),

which is the same as we obtained before. But this was much easier!!
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Now let us look at the real case, that is, the 3d— FJC model. In this case, unlike the 1—d case,
it is too hard to compute F'(R, L, T) but finding G(f, L, T) is quite trivial. Since all directions are
the same, let us consider that the force f is along the z direction. We will now use the notation
& = b5, where § is a unit 3—dimensional vector. Then proceeding exactly as before we get the
following free energy

Z =Y BIVI s — 3 BT cos (01) (47)
{s1} {s1}
— / A0 O) iy (9)dOde])N
eBIb o= B1b)

_ (ol
= (2m)7] 570
= G(f,L,T) = Go(L,T)— NkgT{In[sinh(3fb)] — In (3fb)}.

N

This free energy is like that of free spins in a magnetic field (or free dipoles in an electric field).
Finally, the extension z = —0G/0f is obtained as

z 1
— =coth(Bfb) — — 4
2 coth(310) - 5 (48)
This is plotted in Fig. (3). We note the following limiting behaviours
b
% = BkgT small forces
kgT
% =1- f—f large forces. (49)

The small force result is identical to the result we got earlier in the gaussian approximation Eq. (37).
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3 The Worm-Like-Chain model

The DNA is a stiff molecule, which means that successive monomers like to point in the same
direction. In the FJC model successive steps are independent and the only way the “persistence”
of the walk is taken into account is through the effective bond lengths b. The force-extension curves
obtained from the FJC model do not explain the experimental data on stretching DNA. We thus
need better models to take account of the bending rigidity of DNA. Some such models, which are
expected to be equivalent in appropriate limits, are the following:

(1) The Kratky-Porod Freely rotating model: In this model, the angle between successive steps
is fixed (say 6). As shown in the figure below a step can occur along any direction on a cone with
axis along the previous step and angle 6.

(2) We have earlier described the FJC in terms of noninteracting Heisenberg spins. If we now
make nearest-neighbor-spins interact ferromagnetically, then successive spins tend to align and this
effectively models persistence.

(3) The last two models are discrete models. A continuum description of semiflexible polymers
is through the Worm-Like-Chain (WLC) model. In this model one writes an energy for the chain
which includes the energy cost of bending or curvature.

For flexible polymers we saw that the free energy had only an entropic part. Here we will see
that the free energy has contributions both from entropy and energy.

We will start by describing the WLC model.

3.1 Energy due to curvature

A continuous curve in space can be fully specified by giving the coordinates of every point on
the curve. Let s denote the distance of a point from one end of the chain, distance being measured
along the polymer’s contour. Then the vector function 7(s), with s running from 0 to L, completely
specifies the curve.

XV



Discrete to Continuum

We define the tangent vector at any point s by

or(z) ‘

{=
0s

(50)

Since di? = ds?, therefore £ = 1 and so £(s) is a unit vector which is tangent to the curve at the
point s. Next we define the curvature at any given point.

From figure above we see that curvature x(s) is given by

1 lim &
R As—0 As’

Now

cos(Af) = t(s— As/2).t(s + As/2)
. OtAs  10° As ; ot As  10* As

= 535 T2y )H+a 5 t302y /)

R - o)

+ O(As?)

Now if we differentiate w.r.t s the equation #(s)? = 1, we get £.0¢/0s = 0. Differentiating once
more we get £.0°t/0s? + (0t/0s)?> = 0. Using this in the last equation above we get

Lm0t

1 A9_1 (58
ot 0%F(s

= n(s) = 120 = 12 = 12,

0s?
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The WLC model has a bending energy which is quadratic in the curvature:

Bo= a3y e

[ ase @y _ g oy (52)

The first term is the curvature energy while the second is a Lagrange multiplier which is present

since we want to work in a constant force ensemble, instead of one where the end-point z(L) is fixed.
The dimension of the rigidity parameter, a, is energyxlength. Note that the energy in Eq. (52) is
identical to that of the one-dimensional Heisenberg model in the continuum limit. This connexion
is elaborated in App. (A). The free energy we want to compute is the Gibb’s free energy G(f, L, T')
which corresponds to the following partition function

Z:i/Dﬁ@ﬂé”? (53)

where D[t(s)] indicates that we should sum over all possible tangent vector configurations (which
is equivalent to summing over all chain configurations with one end fixed). The main problem with
evaluating the partition function arises because of the constraint 2 = 1. Still it can actually be
evaluated exactly, but we shall first compute it in an approximate way in the small and strong force
limits.

3.2 Approximate solution in limiting cases

Weak force limit: This case is most easily treated by exploiting the connection with the Heisen-

berg model. The details are given in Sec. (3.4). The final result is that the response at small forces
is identical to the usual gaussian limit Eq. (37) with b = 2a/(kgT) = 2A, where A = a/(kgT) is
the persistence length in the WLC model [see App. (A)].

Strong force limit: In this limit the chain is almost stright so that ¢, ~ 1 and t,, t, << 1.
Hence t, = \/ (1 —t2—1t2) =~ 1— (t2 +t2)/2. Using this to eliminate ¢, and keeping terms upto
second order in t,, t, we get the following simpler energy:

= [ as(e1Gey + (Gepy+

Now t,, t, are independent and we shall allow them to vary from —oo to oo (this is ok and consistent

(2 + ]} — fL. (54)

since we can verify, at the end, that anyway (t2) << 1 ). So now we got to do gaussian integrals
only. We first fourier transform the fields

:_Zt zqs :_Zt zqs

where ¢ = %Tn (55)
so that
E = —Z (ag® + Fllto(0)* + 1ty (a)]] = fL.
B dql
= _m§§(aq + Hllt(@)? + [ty (@] = fL. (56)
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Since the energy is just like that of a set of independent harmonic oscillators, we get from equipar-
tition of energy

(g + D))y = 2

= ([ta()]*) = {|ty()]*) =

The extension can now be obtained:
() = [ dstr(o) = [ ds{l= () + ()]}
= L5 [T St + (It (o))

o0 TL
_ L—/ dq kp
ks

2 ag® + f
(2) r kT 1/
Mo B (B
L (fa) (372 (57)
Thus in the 2 extreme limits we have:
- 247 small forces
L~ 3kpT g
kT
% =1- (57)1/2 large forces.

Compare this with Eq. (49) for the FJC model. A formula which interpolates between the above
two extremes is the following:

1%% =7+ 11 —1z/L)2 - i (58)
3.3 Exact solution of the WLC model:
We first note that the WLC partition function can be written in the following form:
Z = [ Dlis)e a2
= /dfl/df2G(fl,sl\fg,52) where s; =0, s = L and
Glir,silfa,s2) = [ Dlits)le” k) HUBEG =120 (59)

is the propagator from (si,f;) to (sy,f3). It can be shown that the propagator G(f,s|t',s’) cor-
responds to diffusion of a particle on the surface of a unit sphere in the presence of an external
potential. Note that s is like time and # = (sin @ cos ¢, sin f sin ¢, cos ) labels points on the surface
of a unit sphere. The diffusion equation satisfied by G is

OP(t,s) L2

5o =l cosOIP(i,s) = —HP (say) (60)
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where L is the usual angular momentum operator and H is the Hamiltonian operator. The initial
condition is P(f,s = ') = §( — ). Let ¢,(f), €, denote the eigenfunctions and eigenvalues of H,
that is He,(f) = €,¢n(f). Then the solution of Eq. (60) is

G(t,slt', s') Ze—m“ D () (t) (61)

We need to propagate from ' = 0 to s = L. If L is large then we see that only the ground-state
will contribute to the sum in Eq. (61) and denoting ¢y = g we get

G(tAl, L|£2, 0) = 6_9L¢0(£1)¢3(£2)
= 7 = ce 9"

where c is a factor that is independent of L and so can be dropped off from the free energy in the
large L limit. Thus the relative extension of the WLC can be obtained simply from the ground
state energy ¢

z  10G(f,L,T) _8g(f’,T)
L L of - of (63)

The ground-state g(f’,T") cannot be obtained exactly but numerically it can be found very accu-

rately. This then essentially gives us the exact force-extension curve of the WLC model.

In the following figure the force extension curves as given by (i) Gaussian model (ii) FJC model
and (iii) WLC chain are shown. For the WLC model we have plotted both the interpolation formula
and also the “exact” result, as obtained from Monte-Carlo simulations of the Heisenberg chain. The
parameters are b = 100 nm, A =50 nm, kgT = 4.0 pN x nm.
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3.4 Equivalence of the WLC and Heisenberg models

Let us discretize the WLC model by dividing the length L of the chain into /N units each of length
A. Then we get

po= [as@e g
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(tz — zg1—1)2

A

I
IR
FMz

1

(— Jt .t 1— fAL),

I
Mz

=1

where J = a/A and we have ignored a constant term in the energy. Thus we have now got the
Heisenberg model with a nearest neighbor coupling constant J and a constant field, fA, in the z
direction. The appropriate continuum limit here is A — 0, J — oo with JA = a finite. We can
now obtain various results for the WLC model using the equivalence with the Heisenberg model.
(i) Persistence length
Consider the WLC model without any applied force. The correlation, (£(s).t(s + 1)), between
tangent vectors at two different points separated by distance r simply becomes the spin-spin cor-

relation of the Heisenberg chain. This is easily obtained:

<El-fl+k> = (COS Q)k

1
where cosf = (;.;11) = coth (3.J) —

B

For large J, successive spins are almost parallel and we get cosf ~ 1 — 6%/2 ~ 1 — % so that
0% = ﬁ% This then gives

({t(s).t(s+ 1)) = e~ TF — ¢ T — ¢ F  where
2A a
A= = ABJ = T (64)

Thus we identify A = a/(kgT) as the persistence length.
(ii) Weak force stretching

For small forces we can find the extension as follows. We note that the extension is simply
related to the z—component of the magnetization.

=AY (t) = Ax(fA), (65)

where y is the zero-field susceptibility given by

B m

X = BUMZ) — (M)?) = (M?) = @(fﬂ since (M) = 0.

Knowing the spin-spin correlations exactly we can easily find (M?).

WE

(M2) = (0 =N+23 (i)

=1 l<m
= N+2) (cos)™ N+22 1)(cos )’
I<m
B 1+cosf| 2cosf[l — (cos 0)N] (66)
B 1 —cosf (1 —cosf)?
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For large N, large J we get

_ 1+ cos6 4 2LGa
(M) [1 — Cos 6’] 02 b
B, -0 2LG%
S0 X = §<M > = W
Thus finally we get
2L3%a

(2) = A% = A =75
(2)

NG 2af  2Af
L 3(kgT)?>  3kpT’

Problem: Using Eq. (66) show that the size of the WLC is given by
(R?) = 2AL — 24%[1 — e 4]

and verify that (R?) = 2AL for L >> A and (R?) = L? for L << A.
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A Distribution of end-to-end vector of random walk with
steps chosen from any distribution
Let us consider a very general walk where succesive steps € are chosen independently from some

probability distribution p(¢). After N steps R = 1Y, € and the probability distribution of R will
be

:U \

-39

=1

-/ Hd&p IR =329 (70)

PRN) = [ d6idGe.dEnlp(&)p(E).p

The above formula follows from the fact that the joint probability distribution of any given sequence
of steps (&,&...6x) is [T, p(&§) and we have then summed up over all possible sequences which
end up at R (the §—function ensures that). Now using the fact that §(7) = ﬁ [ dke™™ ™ we get
from Eq. (70)

- ﬁ [ dReEFHEY where (71)

For the random walk on the cubic lattice we would have p(§) = $[6(§ — bi) + 8(E + bi) + 6(E —

b7) + 0(E + D7) + 6(E — bk) + (€ 4 bk)] so that p(k) = s[cos(k,) + cos(ky) + cos(k.)]. For the FJM,
p(€) = £0(€ —b) which leads to p(k) = Sm(kb) . In both cases we see that p(k) is maximum at k& = 0
(with p(k = 0) = 1). For k # 0, p(k) < 1 and for N very large [p(k)]" becomes very small. Thus
the only significant contribution to the integral in Eq. (71) comes from very small values of k. For

small k we can expand p(k) as follows:

pR) = /dsl—zks——u‘c P+ Jp(©

= 1—= Z kl glgm
2712 2
= 1— % + ... because (§&,) = %5lm
e—k2b2/6_ (72)

Plugging this back into Eq. (71) we get back Eq. (35). Thus the final distribution of R for small
x = R/N is independent of the details of the distribution of the elementary steps €.
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B structure factor for the Gaussian chain

For the FJM let us assume that the atoms sitting on any link, say &,, of the chain are localized at
R,,. Then the density is simply given by p(¥) = S | 6(F — R;) and we get

1 D / B iq.(r—7' = =/
9(q) = Nzw(f—Rz)f;(f — Rp,))e " d(r — )
lym
1 BB
— 7/‘1~(Rl_Rm)
N Lzm<6 >C’

where (...). indicates average over all polymer configurations with fixed origin. Using the property
of a Gaussian distribution (€'7) = e~2 20 %) we get

9(q) = % €% 2o (RIFR)), (73)

lym

But ((R® — R%)?) = |l — m/|b*/3 ( this is just like the result (X?) = N?/3 except that the origin
of the walk is shifted to m). Hence we get

1

9(q) = 55 doe s, (74)

I,m

For large N we can convert this to an integral and get:

1 /N N
9(q) = N/o dl/o dme "7 lt=m

1 1 Nb2g2
- N / dr / dye= "5 o=l
0 0

Nb2q2
= Nf(—

fla) = %(e—x—ux)

) where

For gR >> 1 [ same as ¢°Nb* >> 1|, we get g(q) ~ ﬁ which is the same as what we got from
the scaling argument.
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Some scales

Consider the DNA of Bacteriophage-A which is a virus. This has 48502 base pairs.

Length: L = 48502 x 0.34 nm = 16.6 um.

Persistence length: A = 53 nm [This depends on the ion concentraions in the solvent and the
temperature. The value is for a 10 mM Na* solution at room temperature. |

Root mean square size: R = (2AL)Y? = 1.3 um.

Forces: kpT = 1/40 ¢V =4 x 1072 J =4 pN x nm. Therefore

From gaussian model: Force for 0.9L extension is %557;0'9 =0.1 pN.

From FJC model, with b = 2A: Force for 0.9L extension is 0.4 pIV.

From WLC model: Force for 0.9L extension is 2 pN.

Viscosity of (i) Water: n = 0.01 gm/cm sec, (ii) Air: n = 0.00018 gm/cm sec and (iii) Glycerine:
n = 8.5 gm/cm sec.

Density of (i) Water: p = 1 gm/em?, (ii)Air: p = 0.0012 gm/cm? and (iii) Glycerine: p =
1.25 gm/em3.
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