
PHYSICS 325: ASSIGNMENT NO. 2
Due: September 18, 2012

1. Prove the free energy bound F ≤ F0 + 〈(H −H0)〉0 for a classical fluid with a
Hamiltonian H =

∑
i p

2
i /(2m) + (1/2)

∑
i,j v(rij).

2. As we have seen there is an exact correspondence between the lattice gas model
and the ferromagnetic Ising model. Use this correspondence and the mean field
solution of the Ising model to plot the phase diagram of the liquid-gas system.
Obtain the phase diagram in the T − µ plane and also in the T − ρ plane.

3. Consider an Ising antiferromagnet on a square lattice with nearest-neighbour
interactions, defined by the Hamiltonian

H = J
∑
<ij>

σiσj − h
∑
i

σi

where J > 0, σi = ±1, and h is an external magnetic field.

Show that for h = 0 this system undergoes a 2nd order phase tranition at
exactly the same temperature as the ferromagnetic model. Identify the or-
der parameter in the system. For T = 0 show that there is a first order
phase-transition as we increase h. Starting with an appropriate variational
Hamiltonian, derive the mean field equations for h 6= 0. Use these equations
to determine the dependence of the transition temperature on h for small
values of h. (Hint: note that you expect different “mean fields” on the two-
sublattices).

Does the transition (as described by the molecular field equation derived
above) remain continuous as h is increased? Give reasons for your answer.

4. Consider the Blume-Emery-Griffith’s model with Hamiltonian given by

H = −J
∑
<i,j>

SiSj −∆
∑
i

(1− S2
i ) , (1)

where each spin can take values Si = 0,±1. The variational free energy for
this (discussed in lecture 9) is given by

φ(Hm) = − J̃m
2

2
+H(m)m− kBT ln[eβ∆ + 2 cosh(βH(m))] , (2)

where H(m) is the variational mean field and m is given by

m =
2 sinh(βH(m))

eβ∆ + 2 cosh(βH(m))

and J̃ = Jz, z being the coordination number of the lattice.

(a) Use above equation to eliminate H(m) and express the free energy in
Eq. (2) in terms of m. Denote this free energy by φ̄(m).
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(b) Minimizing φ(Hm) w.r.t Hm we obtain Hm = J̃m and using this in the
expression for φ(Hm) we get

φ̃(m) =
J̃m2

2
− kBT ln[eβ∆ + 2 cosh(βJ̃m)] . (3)

Plot together φ̄(m) and φ̃(m) for parameter values T,∆ where (a) m = 0
is the only minima, (b) m = 0 is a maxima, (c) there are three minimas
and m = 0 is the lowest one, (d) there are three minimas and m 6= 0
minima has a lower free free energy.

(c) Expand φ̄(m) around m = 0 and show that you obtain the correct coef-
ficients a, b, c, d as mentioned in lecture-9 and also given in the original
paper [Phys Rev. A 4, 1071 (1971)].

(d) Plot the mean field phase-diagram in the T −x plane. The critical line is
easy. To obtain the first order lines, you need to use the following three
equations and solve them numerically:

c2(T,∆) =
16b(T,∆)d(T,∆)

3
, (4)

m =
2 sinh(βJ̃m)

eβ∆ + 2 cosh(βJ̃m)
, (5)

x =
eβ∆

eβ∆ + 2 cosh(βJ̃m)
. (6)

Hints: Choose a set of temperature values in the range (0, Tt). For each
temperature T obtain numerically the ∆ for which Eq. (4) above is satis-
fied. For this set (T,∆) you should obtain the two appropriate solutions
m from Eq. (5). This then gives us two corresponding values for x. Thus
for each choice of temperature in the range (0, Tt) we get two possible val-
ues of x, say xs(T ) and xn(T ). Plotting these gives the phase-diagram.
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