
PHYSICS 325: ASSIGNMENT NO. 4
Due: October 23, 2012

1. Consider the following single-spin flip Monte-Carlo dynamics for a system of
Ising spins. In each single-spin-flip step, choose with equal probability any
one of the N spins . Let ∆E be the energy cost for flipping this spin. If
∆E < 0 then flip the spin with probability 1. If ∆E > 0, then flip with
probability e−β∆E. By definition one Monte-Carlo step consists of N of these
single-spin-flip attempts. Average of any observable, say A, is obtained by
taking a time average over R Monte-Carlo steps 〈A〉 = (1/R)

∑R
n=1An, where

An is the value of the observable in the nth Monte-Carlo step. In simulations
allow the system to “equilibrate” before you start taking the average, i.e throw
away some of the initial steps.

(a) Simulate a one-dimensional ferromagnetic chain of 100 Ising spins with
nearest neighbour interactions and periodic boundary conditions. Take
J = 1, h = 0. Calculate the specific heat C from the fluctuations of the
energy 〈E2〉−〈E〉2. Evaluate C at 10 different temperatures between 0.5
and 11.5 and plot as a function of temperature. Show results obtained
for R = 106, 107 Monte-Carlo steps. Compare with the exact result for
the specific heat.

(b) Simulate the two-dimensional Ising model for a system of 50× 50 spins.
Take J = 1 and h = 0. Compute the average of 〈|M |〉 whereM is the total
magnetization. Do this at a number of points between the temperatures
T = 0.2 and T = 3.5 and plot 〈|M |〉/N as a function of temperature.
Compare your plot with the exact result for m(T ). Remember that your
answers improve if you make R larger.

(c) In the 2D simulations start with a configuration of all spins up and show
a plot of the average instantaneous magnetization M as a function of
time (or Monte-Carlo step). Do this at two temperatures T = 0.8Tc and
T = 1.5Tc and in each case show results for two system sizes (i)6× 6 and
(ii) 50× 50. Plot for about 1000 Monte-Carlo steps.

2. Consider a one-dimensional Lennard-Jones gas described by the following
Hamiltonian:

H =
N∑
i=1

p2
i

2
+

N∑
i=0

[
1

|xi − xi+1|12
− 1

|xi − xi+1|6

]
. (1)

The particles i = 0 and i = (N + 1) are fixed at the positions x = −L/2 and
x = L/2.

Write a molecular dynamics code where you evolve this system via Newton’s
equations of motion and calculate various quantities by performing time aver-
ages. The following quantities have to be obtained from your simulation. All
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the computations have to be done at two densities ρ = N/L = 1 and ρ = 0.25.
Choose any intial configuration such that the total energy of the system is
E = 2 ∗N .

(a) Mean-square velocity, average position and mean square displacement of
all the particles, i.e 〈v2

i 〉, 〈xi〉 and 〈x2
i 〉 − 〈xi〉2. Plot these as functions

of i/N for N = 100 and N = 200 (plot results for the two densities
separately). Comment on the results.

(b) The distributions n1(x) = 〈n(x)〉, n2(0, x) and n2(L/4, L/4 + x). Plot
these as functions of x in the interval (−L/2, L/2). Also obtain g(x) using
its relation to n2 and plot this also. Plot the results for N = 100, 200 on
the same graph and do this for the two densities.

Hint: To find the distributions divide the interval (−L/2, L/2) into q bins
each of size ∆x. At every sampling time you need to find the number
of particles in each bin. Let nx(tr) be the number of particles in the bin
centred at x at the sampling time tr. Then

n1(x) =
1

∆x

1

R

R∑
r=1

nx(tr).

Similarly other quantities can be obtained.

Note: You could use the velocity-Verlet algorithm or any other algorithm.
Make sure the time steps are small so that particles do not cross. Particle
positions should maintain the initial ordering at all times. Good idea to
plot some typical particle trajectories to make sure things are working.
Throw some initial data before you start taking averages, i.e let system
first equilibrate.

Book reference: Understanding Molecular Simulation: Frenkel and
Smit.

3. For the two dimensional Ising model with J1 = J2 = J = 1, obtain the
high temperature and low temperature expansions for the partition function
to order [tanh βJ ]8 and [e−βJ ]8 respectively.
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