Strong Law of Large Numbers

Let X1, Xo, ... be a sequence of i.i.d. random variables. Assume that X,

has finite mean g and E | X7 |< 00
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Weak Law of Large Numbers

Let X1, Xo, ... be a sequence of i.i.d. random variables. Assume that X3

has finite mean 4 and finite variance 0. Then for any € > 0

lim P(| X,, — pu|>¢€) =0,
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Point Estimate

Let p € R and X1, Xo,..., X, be from a population distributed as

Normal with mean p and variance 1.

Method of moments Estimate:
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Maximum likelihood Estimate:
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R-Simulation

> set.seed(2021)
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> x= rnorm(100) P=o,

vauontr = A

> mean(x)

[1] -0.1744844 |= ¥a
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Confidence Intelrvals> oo~ NCo, L)

As p ~ Normal(p, 1/n), we have y/n(p — p) ~ Normal(0, 1). So,

P(=3 < /n(p—p) <3) = d(3) — d(-3)
P(-2<2<3)

> pnorm(3) - pnorm(-3) 5 o otmal ©,1)

[1] 0.9973002
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Confidence Intervals

The below is code for finding the confidence interval for a data x.

>

+

cifn

function(x, alpha=0.95){

z = gnorm( (l-alpha)/2, lower.tail=FALSE)

sdx

sqrt(1/length(x))

c(mean(x) - z*sdx, mean(x) + z*sdx)

¥
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Three Confidence Intervals for Normal(0,1)

> ol

rnorm(100,0,1);y = cifn(x1)
>y
[1] -0.1975784 0.1944144

>%D

rnorm(100,0,1) ;z = cifn(x2)

[1] -0.1922503 0.1997425

> <o)

rnorm(100,0,1) ;w = cifn(x3)

> w
[1] -0.30008082 0.09191197

Does 0 belong to all the three confidence intervals 7
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Confidence Intervals : 10 Trials

We generate 10 trials of 100 samples from Normal(0,1) and compute the

confidence intervals using the function defined earlier.

> normaldata = replicate(10, rnorm(100,0,1),
+ simplify=FALSE)
> cidata = sapply(normaldata, cifn)

[t is easy to check how many of them contain 0.

> TRUEIN = cidatall,]*cidatal[2,]<0

> table(TRUEIN)

TRUEIN
FALSE TRUE
2 3
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Confidence Intervals: 40 Trials

We generate 10 trials of 100 samples from Normal(0,1) and compute the

confidence intervals using the function defined earlier.

> normaldata = replicate(40, rnorm(100,0,1),
+ simplify=FALSE)

> cidata = sapply(normaldata, cifn)

[t is easy to check how many of them contain 0.

> TRUEIN = cidatall,]*cidatal[2,]<0

> table(TRUEIN)

TRUEIN
FALSE TRUE
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0.9%
Confidence Intervals 4ﬂ//T\7m~

To get a confidence level of 95%, we want a factor z such that

P(| Z |< z) =0.95

That is we want a factor z such that
(£
P(Z > z) = P(Z < —Z) = 0.05/2 = (0.025,

Such a z is easily calculated as 6‘\]- en:
> -qnorm(0.025)
Fnd 20 PC2e-2) = (%
[1] 1.959964

U.sinﬁ € 2 = avne«m((\*i >‘;,>

Similarly, for a confidence level of 80%,
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> -qnorm(0.10)

[1] 1.281552



Empirical Data

If we consider a specific empirical realisation of X7, Xo,... X, say n = 15
data points:

11.22,9.56,10.06, 10.21, 10.95, 10.03, 10.75, 10.71, 11.42, 9.61, 10.91, 8.14, 8.95, 10.57, 11.1.

Here, p = 10.279, so the 99.73% confidence interval is given by

> x = c(11.22, 9.56,

+ 10.06, 10.21, 10.95, 10.03, 10.75, 10.71, 11.42, 9.61, 10.91,
+ 8.95, 10.57, 11.1)

> mean= mean (x)

> x1 = c(mean(x) -(qnorm((1+0.9973)/2))/sqrt(length(x)),
+ mean(x) + (qnorm((1+0.9973)/2))/sqrt(length(x)))
> x2=c(mean(x) -(gqnorm((1+0.95)/2))/sqrt(length(x)),

+ mean(x) + (qnorm((1+0.95)/2))/sqrt(length(x)))

> x3=c(mean(x) -(gqnorm((1+0.9)/2))/sqrt(length(x)),

+ mean(x) + (gqnorm((1+0.9)/2))/sqrt(length(x)))

> x4=c(mean(x) -(gqnorm((1+0.85)/2))/sqrt(length(x)),

¥ mean(x) + (qnorm((1+0.85)/2))/sqrt(length(x)))

> x5=c(mean(x) -(gnorm((1+0.8)/2))/sqrt(length(x)),

+ mean(x) + (qnorm((1+0.8)/2))/sqrt(length(x)))

> cidata= t(cbind(x1,x2,x3, x4,x5))



Empirical Data

> require(ggplot2)

> df = data.frame(x= c(99.73, 95, 90, 85,80),

+ z1 = cidatal,1], z2=cidatal,2], mean )
> geplot(df, aes(x=x, y=mean)) +
+  geom_point(size=4, color="#440154") +

+  geom_errorbar(aes(ymax= z2, ymin=z1), color="#3b528b")
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Pivotal Quantity

The key observation: \/n(p — p) ~ Normal(0, 1).
In other words, we have found a function of the data and the parameter of

interest, namely,

T<X17 Xo, ... 7Xnap> - ﬁ(ﬁ - p)v

so that regardless of the value of p, T'(X1, Xo, ..., X, p) has a completely

known distribution.
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Pivotal Quantity-Exponential

Let A > 0 and (X7, Xo,...,X,,) be an i.i.d. sample from an Exponential

population with rate A. We are interested in obtaining a confidence interval

for A. Take x; 4 ExplA)

T(Xl, XQ, — ,Xn, )\) = ’I”L)\X
- /\(1(‘\-(-“:.‘? ° ‘(‘Xn)

CI: = A< NAX &b
> beta <- 0.95 I
As X 7o
> ¢(0, ggamma(beta, shape = 15))
[1] 0.00000 21.88649 Qs ¢ T (0/ 2._(;%}')
n¥

> c(qgamma(l - beta, shape = 15), Inf)

[1] 9.24633 Inf ‘
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> alpha <- 1 - beta

> c(qgamma(alpha / 2, shape = 15), gqgamma(l - alpha / 2,

+ shape = 15))
[1] 8.395386 23.489621 QS"/., T
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Pivotal Quantity - Normal — %, - ¥, ~ Notaal (g, €*)

If 62 is not known.
Eaclier ¢T. method
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Empirical Data

Considering again the n = 15 data points 11.22, 9.56, 10.06, 10.21, 10.95,

10.03, 10.75, 10.71, 11.42, 9.61, 10.91, 8.14, 8.95, 10.57, 11.1,

>

+

x = c(11.22, 9.56,
10.06, 10.21, 10.95, 10.03, 10.75, 10.71, 11.42, 9.61, 10.91,
8.95, 10.57, 11.1)

mean= mean (x)

sd = sd(x)

x1 = c(mean(x) -(qt((1+0.9973)/2,14)*sd)/sqrt(length(x)),
mean(x) + (qt((1+0.9973)/2,14)*sd)/sqrt(length(x)))
x2=c (mean (x) -(qt((1+0.95)/2,14)*sd) /sqrt (length(x)),
mean(x) + (qt((1+0.95)/2,14)*sd)/sqrt(length(x)))
x3=c(mean(x) -(qt((1+0.9)/2,14)*sd)/sqrt(length(x)),
mean (x) + (qt((1+0.9)/2,14)*sd)/sqrt(length(x)))
x4=c(mean(x) -(qt((1+0.85)/2,14)*sd)/sqrt(length(x)),
mean(x) + (qt((1+0.85)/2,14)*sd)/sqrt(length(x)))
x5b=c (mean(x) -(qt((1+0.8)/2,14)*sd)/sqrt(length(x)),
mean(x) + (qt((1+0.8)/2,14)*sd)/sqrt(length(x)))

cidata= t(cbind(x1,x2,x3, x4,x5))



Empirical Data

> require(ggplot2)

> df = data.frame(x= c(99.73, 95, 90, 85,80),

+ z1 = cidatal,1], z2=cidatal,2], mean )
> geplot(df, aes(x=x, y=mean)) +
+  geom_point(size=4, color="#440154") +

+  geom_errorbar(aes(ymax= z2, ymin=z1), color="#3b528b")
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Pivotal Quantity: Limitations

(a) Let p > 0 and (X7, Xy, ..., X,) be from the Bernoulli(p)

distribution. We are interested in a confidence interval for p.

(b) Let A > 0 and (X1, X, ..., X,) be from the Poisson(\) distribution.

We are interested in a confidence interval for \.
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Central Limit Theorem

Let X1, Xo,... beiid. random variables with finite mean g, finite

variance o2, Then B
X —
VX —p) 4 z
o
where X = w and Z ~ Normal (0, 1).



Confidence Intervals
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95% confidence interval for pu is (—13%0 + X, 13%0 + X)

Meaning: for n large if we did m (large) repeated trials and computed the

above interval for each trial then true mean would belong to approximately

95% of m intervals calculated.



