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vosund (1)) =w Simulabing
\')
s Unfenm numbes Randorm auaBes
n Lo o R
o “r\bu”\bx &
' A WLos)
Y be p<i
X = { l’( u-<'b 0‘_2{‘: To db'ﬁ')U
) { o ofheroise ’(:c( aevs .

X "—é g‘/ f\ok\‘.\ (.p\ C an:) &rs\—_“\bg:hm\



Simulating Uniform Random Variables

Assooa - CcsreJ( g“& o < andon
> set.seed(2021)/ numboe a\%wdmﬁ

(VY%
> runif (3)

[1] 0.4512674 0.7837798 0.7096822

I
> set.seed(2021) Same U’y
@i\l(’n
> runif (3) Came  teed

[1] 0.4512674 0.7837798 0.7096822

> runif (3)

[1] 0.3817443 0.6363238 0.7013460 —* Dige{mk



Simulating Bernoulli (p) Distribution

uﬂ(.‘{‘wr\ (0\()
> |- Sanpl

TRUE

>p = 0.5; 7! TALSC
> U = runif(1, min = 0, W
> X as.numericm

> X
f1] 0«— outeuk o the poosyran
x:_& Be,nov\“\‘((ﬁ)
Bx:- o\er\cuc{t 'K,/X,} >(l> 3‘[{, :‘2 Eelnou“((ﬁ’)

)



Simulating Binomial(n, p) Distribution

Fact: (<4< &Se
x4 Téemou“itp)
2  wdegeadent
(I‘\(ne/n.'l'c.s 2
> p=0.2; 5o x= 2%
Ulow) s ¥s
>n = 50; / \ll
> U = runif(n, min = 0, max = 1); ¥ & Biowriallse,b)
> X = sum(U < p);
X= 2 4 (u<P)
[1] \

X d.: 'B\‘oem‘a\ (Se, ?3



Simulating {p;}"_; Distribution

'F:A_Cb_i RdnggCX):‘{'r;"\"
Plx=) = P

> p1=0.35
> p2=0.15 1 w <P
> p3=0.4
> p4=0.1 2 e G i
> P = c(pl,pl+p2, pl+p2+p3, pl+p2+p3+p4) - e 5
15

> X =c(l, 2, 3, 4) i R U< 2R
> counter = 1
> set.seed(2021) w "% Vo |
> r = runif(1, min = 0, max = 1); @ S fes 3
> while(r > P[counter]) _ find B Ww g Wlop)
+ counter = counter + 1 " = N
> end takervads a4 =%

. (5%
> X[counter] 6 = P < v &=t

N Eet



Simulating {p;}"_; Distribution

p1=0.35

p2=0.15

p3=0.4

p4=0.1

P = c(pl,pl+p2, pl+p2+p3, pl+p2+p3+pd)

X =c(1, 2, 3, 4

counter = 1;

set.seed(2021)

r = runif(1, min = 0, max = 1);

for (value in P[counter]) {

if(r > P[counter]){
counter = counter +1 —
}

}

X [counter]

[1] 2

>
>
>
>
>
>
>
>
>
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+
+
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Simulating Exponential (A)Distribution

X & Ex ponedral ()

| (w> = —1ali-0)
Fex) = g )\é?‘bcl'o

( ¥
L—
(o) W \ —Xxx
St E
> U = runif(1, min = 0, max = 1); Lor 230
> lambda = 1 Foo =e o meo

> X = -(1/lambda)*log(U)
s‘ﬂmnd’*j c:.; Ul\‘&ff‘(‘a")

X -_—? Exp (A)






Simulating Gamma(n, \) Distribution

>1n = 20; (loglud , loptd) --- !oa("n))
> lambda = 10;

> X = (-1/lambda)*sum(log(runif (n,min=0,max=1)))

\> j\ _L\o&(ub)

=t X

w . 0
—_ N ~ K - E ()\)
X Cé *b ) c 2: - l




Expectation

Let X : S — T be a discrete random variable (so T is countable).
Then the expected value (or average) of X is written as E[X] and

is given by

EX]=) t-P(X=t)

teT
provided that the sum converges absolutely. In this case we say
that X has “finite expectation”.
e |f the sum diverges to +o00 we say the random variable has
infinite expectation.
e |f the sum diverges, but not to infinity, we say the expected

value is undefined.
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Properties of Expected Value

Elx) — meosur JB “C‘Jen{\'(t“ 63 < K

Suppose that X and Y are discrete random variables, both with
finite expected value and both defined on the same sample space

S. If a and b are real numbers then
ElaX] = aE[X];
E[X+Y]=E[X]+E[Y]; and

E[aX—l—bY]:aE[X]+bE[Y].: Elx-v) = E0Q -8Y]

If X >0 then E[X] > 0. S X<y
= EI¥)<ely]



Variance

= haee) (Plx=t) .t
ghoy =4 BT ECx)
S hi) (e b 18/ge« v@UIME_

Let X : S5 T be a discrete random variable with finite expected

“ .o '— -t o
ECX)
( $mall ~azianu)

value. Then the variance of the random variable is written as
Var[X] and is defined as

Var[X] = E[(X — E[X]Y2] = S_(¢ - EIX]) P(X = t)

teT

e The standard deviation of X is written as SD[X] and is

defined as

SD[X] = \/Var[X] \_.. Seresd © "ba, X

Same Ut

¢ TE (b' ED:))V) lavge & P&=6) h\g\'\ = \r\\%hex Nauaace



Interpretation of Variance

e If X has a high probability of being far away from E[X] the
variance will tend to be large, while if X is very near E[X]

with high probability the variance will tend to be small.

e If we were to associate units with the random variable X (say
meters), then the units of Var[X] would be meters® and the

units of SD[X] would be meters. ngbCX)
e Informally we will view the standard deviation As a typical
distance from average. Blx1—o f | BLx
8% corx) E0x) % 20Tx)

e It is possible that Var[X] and SD[X] could be infinite even if
E[X] is finite — meaning that the random variable has a clear
average, but is so spread out that any finite number
underestimates the typical distance of the random variable

from its average.



Standardising Random Variables

e A standardized random variable X is one for which

E[X]=0 and Var[X]=1.

e Let X be a discrete random variable with finite expected value
and finite, non-zero variance. Then Z = );B—f)[()]q is a

standardized random variable.

| Le® -Em) =o

_ -8 —
erzy = Bl ] SO

o wal’
™ -
Ve¢I2) = £ Lz- BI=2)) = E_Ef_.——L— =4
SOCx]




Normal Distribution: PDF

Zl" I(DH)
._%"-/
4F () = 1 e 2
21
You can calculate the values of the normal density function using the the dnorm
command.
> dnorm(0) ’c[")
[1] 0.3989423
-F[x)
> dnorm(1)
[1] 0.2419707
> dnorm(0, =4, sd=3) ()
» orm mean s C"-“ )‘L %
1] 0.05467002
3(;) - _\. 6 ==

5 3



Normal Distribution: CDF

You can calculate the values of the cummulative distribution function of the normal
using the the pnorm command.

> pnorm(0)

> pnorm(1)

> x = seq(-3,3, by=0.1); y = pnorm(x) ;plot(x,y, type="1")

\A/__\——/

¥> F o) =MP(22x)

1.0

0.0 02 04 06 08




Normal Distribution: Tail Probabilities

> pnorm(0, lower.tail=FALSE) S P(2 7/7_)
> pnorm(1, lower.tail=FALSE)

> x = seq(-3,3, by=0.1); y = pnorm(x, lower.tail=FALSE)
> plot(x,y, type="1")

1.0

0.0 02 04 06 038
|



Normal Distribution: quantiles

> |qnorm(0.68); | gnorm(0.95) f gnorm(0.997) P(Z<0.4074488) = 0-6F

[1] [0.4676984 P2 < (.64) = 0-as

[1]] 1.644854
[1] 2.747781

> x = seq(0,1, by=0.05); y = gnorm(x);plot(x,y, type="1")

TP(’)_c._ q;nem(n()) =d

0.5 1.5

-0.5
|

-15




Normal Distribution: samples

> x=rnorm(1000) _/
74

> hist(x) -A

Histogram of x

=

Ty

Frequency
100 150
o
Q

50

0




Normal Distribution: Key Probabilities

! (M-3<, H436)

P12 <) @ ii“fd’“‘ Yan4 ¢

> pnorm(1) - pnorm(-1) # within one standard deviation éﬁk
[+
[1] 0.6826895 6& /° 1
Ny, sY)
> pnorm(2) - pnorm(-2) # within two standard deviation

[1] 0.9544997

> pnorm(3) - pnorm(-3) # within three standard deviation
[1] 0.9973002

Pl 121 <2 ) m
77

- kN

44.7%,




Are the Sum of Rolls normal ?

> DiceR = read.csv("Dice.csv", header=T)

\

names (DiceR)= "Sum"

Vv

DiceR$Sum = as.numeric(DiceR$Sum)

> Dice = na.omit(DiceR$Sum)

\2

hist(Dice)

Histogram of Dice

Frequency
10 20 30 40 50 60




Are the Sum of Rolls normal ?

> summary (Dice)

Min. 1st Qu. Median Mean 3rd Qu. Max.

7.00 15.00 17.50 17.23 20.00 27.00
> sd(Dice)
[1] 3.670899 =

> cs = (Dice-mean(Dice))/(sd(Dice)) — S*ﬂndﬂ(detgL



Are the Dice normal ?

> mean(cs)

[1] 2.261974e-16
> sd(cs)

(11 1

> onesdcs = csl[cs >-1& cs <1] # within one sd

> twosdcs = csl[cs >-2& cs <2] # within two sd

> threesdcs = csl[cs >-3& cs <3]# within three sd



Are the Dice normal ?

Chetke ! ;

> length(onesdcs)/length(cs)

. "
Q{-kc) At e)

k=1,23

[1] 0.6653846

> length(twosdcs)/length(cs)
[1] 0.9576923

> length(threesdcs)/length(cs)
[1]1 1

This is called the 68-95-99.7 first check to see if data is

normal or not.



Kurtosis and Skewness

Let {x; : 1 </ < n} be given data set. Then the mean and

Standard Deviation, sd, are given by

)_(:%Z:X,’, O'X:ni]-;(xi—)_()z.

Another check for normal are Kurtosis and Skewness

coefficients. N

I<N /x—%x\° 1N /x—x\*
Sk == d Kurtosis = — :
ewness nz( ) . Kurtosis nz( - )

i=1 i=1

~ 0 'Fa-! Mo 4 vk ~7



Normal Distribution: Kurtosis and Skewness

1< /(x—%\° iy s — N
Sk = — E ! Kurtosis = — E :
ewness pp ( p ) , urtosis 5/ < . )

e Skewness 0 indicates that the distribution is symmetric
e Kurtosis is a measure of the peak of the distribution.
e For standard normal Kurtosis is 3.

If Kurtosis and Skewness coefficients are far from 3 and 0 we

can conclude that the data is not normal.



Are the Dice normal ?

Skewacs <o
> library(moments)

> Kurtosis = kurtosis(Dice)
> Kurtosis

[1] 3.002322

> Skewness = skewness(Dice)

> Skewness

[1] -0.2548971



Are the Dice normal ?

doen oo Trialy — 5 freiate, 4%
Sé\nplcs el-
Nloyw)
> normaldata = replicate(1000, rnorm(97,0,1),

+ simplify=FALSE)

> library(moments) .. kaskeais
N

>(mean(sapply(norgéldata, kurtosis])

[1] 2.95045

> mean(sapply(normaldata, skewness))

[1] 0.00127284



Are the Dice normal ?

> normaldata = replicate(1000, rnorm(97,0,1),
+ simplify=FALSE)

> library(moments)

> hist(sapply(normaldata, kurtosis))

Histogram of sapply(normaldata, kurtosis)

Frequency
100 200 300 400

—

I T T T T T T 1
2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5

0

sapply(normaldata, kurtosis)



Normal Distribution: Quantiles

If Z is standard Normal random variable then the a-th

quantile of Z is denoted by z, where

P(Z < z,) = a, O<ac<l.

Let {x; : 1 </ < n} be given data set then we can order them

to get =
le = tp(2$2ﬁn)

(x)s X@)s -+ X(n)) e .

—_—
—_—

we view x(k) as the -5 sample quantile. o [ig =25
|




Normal Distribution: Quantiles

Another check whether data is normal is to plot

(ZFkI,X(k))

e if the plot is a straight line then it indicates that data is

normal



Normal Distribution: Sample Normal-Quantile plot

> x=rnorm(1000)
> qgqnorm(x)
> qqline(x)

Normal Q-Q Plot
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Theoretical Quantiles



Dice Normal-Quantile-plot

> gqnorm(Dice)

> qqline(Dice)

Sample Quantiles

Normal Q-Q Plot

Theoretical Quantiles




