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(2 ,
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X - Discrete random variable

· Range (X) = finite/Countable

P(X= ) for E Range (X)
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X-Continuous random variable
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Distribution function

F() = P(X =x)
.
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Empirical Distribution function

Let X1,X2,X3 . . . ,Xn be random

variables.

The “empirical distribution”

f (t) =
1
n
| {i : Xi = t} | .

-Assume they are chosen from
a population X

-
- Sample from Relative-

Frequency
Population I

<X, Xc
, ..,

Xn5 = R
- Inter attributes

is
. from the sample

a discrete distribution
.
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Distribution gives weight In
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Empirical Distribution

Random variable Y ,

Range(Y ) = {X1,X2, . . . ,Xn},

P(Y = t) =
1
n
| {i : Xi = t} |,

and

F̂n(x) = P(Y  x) =
|{i : Xi  x}|

n

that has the same distribution

as the Empirical distribution is given by :

O

O

Empirical

distribution
O

function

Ex: E[Y] = * & Vac[Y] = #S2



Sample Mean

Let X1,X2,X3 . . . ,Xn be i.i.d.

random variables. The

“sample mean”

X̄ =
X1 + X2 + · · ·+ Xn

n
.

sample fromi. 1. 6 x

-

Xi = (
' it event A happens

o
otherwise

inter
E[X] ?
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Unbiased Estimate and Variance Reduction

Let X ,X1,X2,X3 . . . ,Xn be an i.i.d. sample of random

variables.

E [X ] = µ and Var [X ] = �2.

Let X̄ represent the sample mean. Then

E [X̄ ] = µ and SD[X̄ ] =
�p
n
.

-

Theorem 1 : -

&

Effective Range of X = "My i i
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gets smallera



Proof :

x
, Xa

, ..

&
Xn have same distribution

as X

X = X , + X + ... - XnL

M

· ECK] = E[X , + Xc +... + Xa]
M

Clinearity) = ! E
,

E(XIC

(identically distributed =I n E(X)

= E[X]

· Var[X] = Var[X , + X +... + Xa]L

M

(scaling) = ↓
Var [X, + X2 + .. . +X

See claim (independence) =↓*
Va [ e

below

& Do

= D



Claim 1 : X
,

Y are independent
=> Var (x+Y) = Var(x) +Var(7)

Proof : Var (X+Y)

= ES(X+y - E(X+Y7)-]

= E((( - E() + (y - E(47)=]

= E(X - E(N) + E( - E(47)
:

- 2E[( - E(N)(Y - E(47))
-
retcured to as Cor (X, 7)

- 1 X(linearily
I

· Var(X] + Var(4]

+ 2/E[XY) - EC* E(Y])
--

= if independent

independence
I Var/X] + Vary]

I



Sample Variance

Let X1,X2,X3 . . . ,Xn be i.i.d. random variables.

The “sample variance” of these is

S2 =
(X1 � X̄ )2 + (X2 � X̄ )2 + · · ·+ (Xn � X̄ )2

n � 1
.

Suppose the distribution has finite expected value µ and finite

variance �2 then

E [S2] = �2.

- function of the sample

Mem !

Ex : Var [S7] -> 0 a ut &



Prot : E[X] = Var() + (E(x1)
&

Fact

Steree1) = Y + M -①

j =) -., n E(X; = Var(xi) +(E(Xj])
= + M2 -

&

E25Y = E[(yi->
= Exi -

2Xi5 +(i)3[

n- 1

= EX- 2E(vi) + MELx

n - 1

- ((As
,

xi = x) = ( ,

EX =- 2 4E(E) + nE(x)

n - 1

= n+ - n(y +Me

n-1

=

( = -L

Is



Sample Proportion

Let X ,X1,X2,X3 . . . ,Xn be i.i.d. random

variables.

Interested in: P(X 2 A) of any event A

Estimate it by:

|{i : Xi 2 A}|
n

Relationship between : Relative Frequence
& Probability.

value ofP
-

P

Is E a good estimate of 6 ?

En I
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Theorem 3 : - ECT = b
,
VarCE] = PAR

Prof : P = 14: : Xi -> All & zi
: = i= 1

n
s

where Zi = E I If XitA

- Otherwise

· P(zi = 1 = P(Xita) = P

· (Fact) .
Xi au independent

=> zic al independentC

· Zi ~ Binonial (n )

· E(En = 2iy =

1 . np = P
.

↑

· var (B) =var(i = - Mb((
)

= b)

B



sampling distributions

Xi
, X2 ., In are ind X ; E[X) =M <

var(X)= +
2

<+

X =

Xi
j
s(Xi -x)

-

n n -1

Lemma 1

X
, X dee it

Normal (c)

Y= X , +X2 => Y Normal (0 ,2)

Prof : bE#

P(Y = y) = P(X , + X- 13)

= S) fla ,
ans da ,

dan

4 (2
, 22) : xi+ 2 =y7

Cindependence) = 0 mi Exte de d en
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EX : X, * Normal (M1 i) + X2 - Normal (Mc ,
ri

X , + Xc & Normal (MitMi .,
with

x: Normal /Mi
, 8") IiEn Xi +Xj

its

Xi = Noral) dimi , S e

Using the above

x = x, Xi E Normal (M , Y

Lec

=> Normal (M , w



Theorem 4: Xi
,
Xz
,..,

X
n
Itd Normal (M

,
+Y

(is = Normal (M,

(ii) n -1) S↳ = (k(2 & >
N +

(iii) * and 52 all independent

Clayt : Li Eu & Normal (0
,
1)

/

(ii) * -e

T a
&

~

x I
E tr - 1

-

n -1) sh↳ 4
t-distribution
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