Empirical Distribution function
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Let X1, X0, X3..., X, be random variables.
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Sample Mean
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Let n > 1, X{, X5, ..., X, be i.i.d. Normal(p,02). Consider the sample mean and

variance
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Let n > 1, X1, Xo, ..., Xp be i.i.d. Normal(0,5).

Then Z; = é, i=1,2,...,nareiid. Normal(01).
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t-distribution

Let X7 be a Normal random variable with mean 0 and variance 1. Let X5 be an

independent x2 random variable. Let
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t-distribution
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Normal

> x= seq(-3, 3, length=1000) ;densityx = dnorm(x)
> plot(x, densityx, type="1", 1lty=2, col="#f98e09",
+ ylab="Density",

+ main="Normal Plot")
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> x= seq(-3, 3, length=1000);dtx = dt(x,1)
> plot(x, dtx, type="1", col="#f98e09",
+ ylab="Density",

+ main="t-Plot")
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t;-versus Normal

> x= geq(-3, 3, length=1000);densityx = dnorm(x)
> plot(x, densityx, type="1", col="#bc3754",

+ ylab="Density",

+ main="Normal Plot")

> lines(x, dt(x,1), lwd=2, col="#f98e09")
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ts-versus Normal

>

>

+ ylab="Density",

x= seq(-3, 3, length=1000) ;densityx = dnorm(x)

plot(x, densityx, type="1", col="#bc3754",

+ main="Normal Plot")

>

Density

lines(x, dt(x,3), lwd=2)
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ts-versus Normal

>

>

+ ylab="Density",

x= seq(-3, 3, length=1000) ;densityx = dnorm(x)

plot(x, densityx, type="1", col="#bc3754",

+ main="Normal Plot")

>

Density

lines(x, dt(x,8), lwd=2)
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tz0-versus Normal

> x= geq(-3, 3, length=1000);densityx = dnorm(x)
> plot(x, densityx, type="1", col="#bc3754",

+ ylab="Density",

+ main="Normal Plot")

> lines(x, dt(x,30), lwd=2)
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t-versus Normal

Density
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t-versus Normal

>

>

rnorm(100); vy
par (mfrow=c(1,3))
boxplot (x,y)

qqnorm(x) ;qqline(x)
qqnorm(y) ;qqline(y)

rt (100, 30)

Normal Q-Q Plot

Normal Q-Q Plot
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Weak Law of Large Numbers
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Let X1, X5, ... be a sequence of i.i.d. random variables. Assume that Xj has finite

mean 1 and finite variance 0. Then for any € > 0

lim P(| Xp — p|>¢€) =0, (1)
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Law of Large Numbers

> runningmean = function (x,N){ Xy, Xy, .. Xy are
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Law of Large Numbers

> x=1:1000;

>
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plot(u™x, type="1");




Law of Large Numbers

> library(viridis)
> x=1:1000; plot(u™x, type="1");

> replicate(10, lines(runningmean(1l, 1000)~x, type="1",

col = sample(viridis(15, option="B",1))))
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Law of Large Numbers
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Strong Law of Large Numbers
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Central Limit Theorem

Suppose each X; was distributed as Bernoulli (p) random variable. Then S, is a

Binomail(n,p) random variable. Let us check for what p does

Sn— np

v'np(1 — p)

is close to a Normal distribution.
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Central Limit Theorem

We may simulate Binomial samples either direclty by rbinom command or usi ng

the replicate and rbinom command.

> binomialsiml = rbinom(100,10,0.1)

> # generates 100 Binomial (10,0.1) samples

> binomialsim?2 = rbinom(100,10,0.25)

> # generates 100 Binomial (10,0.25) samples

> binomialsim3 = rbinom(100,10,0.5)

> # generates 100 Binomial (10,0.5) samples



Histogram of all three simulations
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Standardised Histograms: Binomial n=10 and p=0.1, 0.25, 0.5
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Standardised Histograms: Binomial n=100 and p=0.1, 0.25, 0.5
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QQ-plot, Binomial(100,0.5)-versus Normal

>

>

X

par (mfrow=c(1,3))

= rnorm(100); y = (rbinom(100,100,0.5)-100%0.5)/(sqrt (100%*0.5%(

boxplot(x,y)

qqnorm(x) ;qqline(x)

qqnorm(y) ;qqline(y)
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Normal Q-Q Plot
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Normal Q-Q Plot

Oc)g




Skewness-Kurtosis, Binomial(100,0.5)-versus Normal

> x = rnorm(100)
> y = (rbinom(100,100,0.5)-100%0.5)/(sqrt(100%0.5%0.5))
> library(moments)

> c(skewness(x),skewness(y))
[1] 0.04235202 0.08212817
> c(kurtosis(x), kurtosis(y))

[1] 2.725994 2.626574



Role of n versus p

Binomial Random variable is close to Normal when the distribution is symmetric.
That is when p is close to 0.5. Otherwise the general rule that we can apply is that

when

np >5and n(1 —p) > 5.

then Binomial(n,p) is close to Normal distribution.



Re COGU.\-C g\.nb\-\-ﬂ':hO" p=o-(

=1
v Sn L. 1237 om)‘a\ C 0, ) n :o

j |\ooo
&

S S e wi 2 Beraonlls (p) =%
° n = =t l&&{p(n&.@\)\' € o) 5(?
N \/cu,(‘x'B:: \9\1—9)
= n X
n Vv
Ay (?" ;? -_—_.& [\)c-(ma\ (01\)
¥ et-o)
I\
h— NP
¥ 37,: _ b - S 1\[ 3
Jo J o (-
e M
= s’\ - ﬂ/*’
- —
Jnn =

Sn Voumal (0P npl \~9)>



Cent ra) [{Mi £ [—he“e“_\

let X, d%L be & squme 4 s saadom

Vanal\es.
EMD = ad Valx) =ct

&(fﬂ*%} _ S = Ap~
- _—_—’-—-’-

(< ﬁ <
Fov aU ~¢c T
o
—_—— n>% —o
Prok s Tewd -~ chaghe = O
eé_ boale .
M : - Fiv nz)
¢ aCn?-( ake ¥ los" Qam\g o&__
O
5,%"/"’ Jgn ( Xa «)A} _ S - n/Jb

kcu}NSto

S eeeors

?lo\r-

Plov H‘\ghqmrf\ Qar- Nplok

chede: \f the y, agiee o IB
loa" QQMQ\&,. os_(.

A¢

4 aCn!-/ axe

— N‘;{ nal [0)\>

v AV S
Plor gt ar @Rr-af plot Bt plo\




Ex: ¥ — Ual fer (0W0) M= El<x)1= 1
z)
o bewa  leo saeple &
Nn—= leo
Sleo - %o —_
to \Yio ;
r:fi& o plor Wi sogam
QD-Q glr
Skes new [ ky Ao

NPTAC AR

‘e.—o-f‘)

e




Central Limit Theorem

Suppose we want to verify the below result via simulations:

Let X{, Xo, ... be i.i.d. random variables with finite mean p, finite variance 0.

Then )
X —
o
where X = X1+X2;r...+X,, and Z ~ Normal (0, 1).




Central Limit Theorem
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We could rephrase the result as:

Let X1, Xo, ... beiid. random variables with finite mean p, finite variance 2.

Then
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where Sp = X1+ Xo + ...+ X, and Z ~ Normal (0, 1).



Standardised Histograms: Uniform(0, 1)
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Skewness-Kurtosis, Uniform(0, 1)-versus Normal

> x = rnorm(100)

> muniform

> suniform

replicate (100, mean(runif(100)))
sqrt (100)* (muniform -0.5)/(sqrt(1/12))

> library(moments)

> c(skewness(x),skewness(suniform))

[1] 0.2805206 -0.1589919

> c(kurtosis(x), kurtosis(suniform))

[1] 3.131999 2.511119



