
Introduciton to Stochastic Process Semester I 2025/26
http://home.icts.res.in/∼athreya/Teaching/isp25 Homework 10

Due: Wednesday, October 8th, 2025
Time and Problems due: will be mentioned in class

1. Let X,Y, Z be discrete random variables on a probability space (Ω,F ,P). Suppose that P(Y =
y) > 0 and P(Z = z) > 0.

(a) Show that E[XY | Y = y] = yE[X | Y = y]

(b) If X is independent of Y then E[X | Y = y] = E[X] and hence E[X | Y ] = E[X]

2. Let X,Y, Z be discrete random variables on a probability space (Ω,F ,P). Suppose that P(Y =
y) > 0 and P(Z = z) > 0.

(a) Show that E[X + Y | Y = y] = y + E[X | Y = y]

(b) Show that E[Y | Y = y, Z = z] = y

3. Let X ∼ Uniform {1, 2, . . . , n} be independent of Y ∼ Uniform {1, 2, . . . , n}. Let Z = max(X,Y )
and W = min(X,Y ).

(a) Find the joint distribution of (Z,W ).

(b) Find E[Z |W ].

4. Let Ω = {−1,+1}N equipped with the probability denoted by P, such that

P({ω ∈ Ω : πN (ω) = ω̃) =
1

2N
= PN ({ω̃}),

where N ∈ N, ω̃ ∈ ΩN = {−1, 1}N , equipped with the uniform distribution, denoted by PN and
πN : Ω→ ΩN be the cannonical projection.

Consider for k ≥ 1, Xk : Ω → {−1, 1} be given by Xk(ω) = ωk and for 1 ≤ n, let Sn : Ω → Z be
given by Sn(ω) =

∑n
k=1Xk(ω) and S0 = 0.

Definition: Let An be the events that are observable by time n. We shall say a sequence of random
variables, {Hn} is a martingale w.r.t. the filtration An if

E[ | Hn | ] <∞ and E[Hn | Sn−1, . . . , S1] = Hn−1

(a) Show that ξn = S2
n − n is a martingale w.r.t the filtration An.

(b) Find {an}n≥1 such that ηn = S3
n + anSn is a martingale w.r.t filtration An.

(c) Find {bn}n≥1 such that δn = S4
n + bnS

2
n + cn is a martingale w.r.t filtration An.

(d) Let {Vk}k≥1 be a predictable process, that is for c ∈ R,

{Vk = c} ∈ Ak−1.

Then show that

Z0 = 0 Zn =

n∑
k=1

Vk(Sk − Sk−1)

is a martingale w.r.t the filtration An.
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