Introduciton to Stochastic Process Semester I 2025/26
http: //home.icts.res.in/~athreya/Teaching/isp25 Homework 13

Due: Wednesday, October 29th, 2025
Time and Problems due: will be mentioned in class

1. Consider a martingale where Z,, can take on only the values 277! and 1 — 277!, each with
probability %

(a) Given that Z,, conditional on Z,_1, is independent of Z,,_5,Z,_3,...,2Z; find P(Z,, = - |
Zn—1) for each n so that the martingale condition is satisfied.

(b) Show that P(sup Z, > 1) = % #0=P(| J{Z, >1})

n>1

n>1
E[Z
(¢) Show that for all a > 0 and 0 < € < a, P(sup Z,, > a) < [ ﬂ.
n>1 a— €

2. Let {X,,},,>1 be independent with

1 with probability %
X,=¢ 0 with probability 1 —
—1 with probability %

S|=

Forn > 1,
v — X, ifn=1orY, 1=0,n>2
" nY,1 | Xp| ifY,1#0,n>2.
(a) Show that Y, is a martingale.
(b) Find lim,,— P(Y,, = 0).
(c) Decide if Martingale convergence theorem applies and whether Y,, converges to some Y as

n — oo with probability 1.

3. Let m € Nand m > 2. At time n = 1, an urn contains 2m balls, of which m are red and m are blue.
At each time n = 2,3,...m we draw a randomly chosen ball from the urn and record its colour.
We do not replace it. Therefore, at time n the urn contains 2m —n + 1 balls. For n =1,...2m let
N,, denote the number of red balls and f,, denote the fraction of red balls in the urn after time n.

(a) Show that f, is a martingale.
(b) Let T be the first time at which the ball drawn is red. Find E(fr).

4. Let {Yj}r>1 be a sequence of discrete random variables. Let Ay be the observable events by time
k. Let X be another random variable such that E[| X |] < co. Define X,, = F[X | A,]

(a) Show that {X,},>1 is a martingale.

(b) Does X,, converge as n — 0o ?

5. Let (Q, F,P) be a probability space and let
Ly ={X :Q — R|E[X?] < 00}.

Suppose {&,}n>1 and € are in Lo such that E[(&, —£)?] — 0 as n — oo. Show that F(&,) — E(€)
as n — 0o.



