Introduction to Stochastic Processes Midterm Max Score: 50 Solution
Semester I 2025/26 Date: 10th September 2025. Time: 1 hour and 30 min

1. (15 points) Let X,, be a Markov chain on S = {0, 1,... } with transition matrix P with

1 ifi=j=0
) p ifi>1,5=1i+1
Pi=N 1-p ifi>1,j=i—1
0 otherwise

where we assume 0 < p; < 1 for every i > 1. Let h: S — [0, 1] to be given by
h(i) =P(T° < o0 | Xo = i),

with 70 = inf{n > 0 : X,, = 0}. Find h.
Solutions: Let ¢; =1 — p;. We have that

1 ifi=0

h(i) = (1)

pih(i +1)+qh(i—1) ifi>1

Let u; = h(i — 1) — h(i). From the above, we have
4qi
Uil = —Uj,
K3

for ¢ > 1. Iterating the above, inductively we obtain for all ¢+ > 1

7
dk
Ui4+1 = — | Uup.
o (1)

Using a telescoping sum argument inductively we have that h(0) — h(i) = Z;Zl uj, and this
implies for ¢ > 1,

hi) =1 - iﬁ <;]’:>

j=1k=1

If N
S () - @

then as 0 < h(i) < 1 for all 4 > 0 this will force u; = 0 which will imply u; = 0 for all i > 1
and consequently
h(i) =1 for all i > 0. (3)

If

()<~

7=1k=1



then to satisfy the requirement that 0 < h(7) < 1 it must be that

1
i1 .
5 THE (&)

and so by Proposition 1.5.5 (b) this implies that

0<u <

1
71 .
5 THEL ()

Uy =

Therefore for 7 > 1
YIS (2)
i) = — e ()

. (15 points) Let {S,}»>0 be a simple symmetric random walk on Z starting at 0.

(a) For a < b,a,b € Z, n > 1 show that
Pla <S5, <b) < (b—a+1)P(S, €{0,1})

(b) lim P(a < S, <b)=0.

n—0o0

Solutions: (a) Let n > 2. By definition of randm walk S, € {—n,—n+2...,n —2,n} and
by defintion of P we have

P(S, =1) = (g2 " le{-n,—n+2...,n—2n} |
0 otherwise

Thus, maximizing P(S,, = [) over | € Z amounts to maximizing the binomial coefficient

((nfl)m) over [ € {—n,—n +2,...,n —2,n}. This maximum occurs at ”T‘H =2 ie.a=0

2
when n is even, and at "T‘H = ”T“, i.e. [ =1 when n is odd. So we obtain

P(Sor =0)  ifn=2kkeN

P(S,=10):1cZ} =
max{P(Sn =) } {P(Szklzl) ifn=2k-1keN

Therefore it is immediate

Pla<S,<b)= Y Pla<S,=1)<(b-a+1)P(S, € {0,1})
l€a,b]

(b) Now from the above,

(n72)2_” when n is even
P(S, € {0,1}) =

((nrj:{)l/Q)Q_(”H) when n is odd.



Stirling’s approximation for n!, implies that

|
lim — =1 (6)
n—00 27m(%)”

From the definition of limit in (6) there exists Ny € N and such that
7\/ ( )" <nl< \/ ( )" for all n > Ny.
Using the above, we have that for n > Ny

P(Sy, = 0) = @) 1 _ 6y/mn(2n)* e " 3e 1
T it 220 S (rpnne—n)222 \/m/n

and
2n+1)) 1
n + 1ln + 11 22(n+1)

6+/ T n+ 1 n_|_ 1 2(n+1) o —2(n+1)+1

(v/27(n + 1)(n + 1)("+1) —(n+1))292(n+1)
3e 1

:ﬁ\/n—i-l
3e 1

S VRV

Thus for all n > Ny, there exist constant C > 0 such that

P(Son+1 =0) =

IA

0 < P(S, € {0,1}) < 3%

Using this and part(a) we have that

As%—)Owhenn—)oowehave

lim P(a < S, <b) =0.

n—oo

O]

. (15 points) Let 0 < p< 1, L>1and S ={0,1,2,...,L}. Assume P(Sy = 1) =1 and S,, be
a Markov chain with transition matrix P = [p;;]; jez given by

D ifj=i+1,i#L

1—p ifj=i—-1,i#0
pi=4 p  ifj=0i=L

1—-p ifj=Li1=0

0 otherwise

(a) Sketch the graph induced by this Markov chain on the vertex set S.



(b) Show that the chain is irreducible and determine its periodicity.

(c¢) Find the stationary distribution 7 of the chain.

Solutions: (a) The above dynamics of the chain can be understood via a directed graph
with S as the vertex set.

(b) Let 0 <i< j<Land m=j—1i. Then,
m
P > [ pisk-vivn =™ > 0.
k=1
Let 0 <j<i< Land m=1t¢—j. Then,
m
P > [ picksrior = (1 =p)™ > 0.
k=1

Therefore the chain is irreducible.

(c) Observe that for any 7,5 € S,

L L
Zpij = Zpij =p+l—-p=1
=0 =0

Therefore the transition matrix is doubly stochastic. This implies that the stationary distri-
bution is Uniform({0,1,...,L}). O

. (15 points) Let Ty be a rooted binary tree, with root p. That is, a graph with the vertex
set given by
Unzi{0, 1} U {p}

and edge set given by

Hp,x} 2 € {0,1}} U {{z,p(x)} : 2 € {0,1}",n > 2},



where for n > 2, and x = (z1,x2,...,x,) we set the parent p(x) = (1, z2,...,2p—1). On Ty,
consider the weight function p to be given by

u({z,p(x)}) = B! for x € Ty

where 3 is a positive number and | | denote the graph distance to the root p. Let X, denote
the canonical random walk on (Tg, ). Show that X, is transient if and only if 5 > %

Solutions: Let S be the vertex set of Ty. Let S,, = {z € S : x| = n}. It can be readily
verified that S = U, >05),, where the union is disjoint and using an inductive argument that
|Sp| = 2" for all n > 1. Now

for x € S, Py = Z p({z,y}).

zy,z,YES

Note that X, is a Markov chain on S with transition matrix P where P = [pgy]s yes is given
by

2 ifz=py),z=0p
1 —
ooy = Mz ) 55 Hy=p),zeSz#p
Ty — _— e
0 otherwise.

\

We will show that Y, =| X, | is a simple random walk on Z, = N U {0}. First, note that
Y, takes values in Z; and that Y,, = y if and only if X,, € S, for any n,y € N. Suppose
y,n € Z , we have P[Y;, = y| > 0. Then , for z € Z :

P[Yn—i-l = Z‘Yn = y} = ]P)[Xn_t,_l S Sz’Xn € Sy]

1
e 5 e e
1
= o a7 P[Xpi1 = u, X, = 0]
P[Xn € 5] ueSZZ,v:eSy ! !
1
= PurP[ X5 = 0]
P[Xn € 5] ues;esy v !

1+123 ifz=y—-1y#0
= —ﬁ_gﬂ ifz=y+1,2#0

0 otherwise.

= Qyz (7)

Suppose for y; € Z4 with j = 0,1,...,n we have P[Y,, = yp,..., Yo = yo] > 0, then for



Yn+1 € Ly
P[Yn—H = yn+1|Yn = UYny -y }/0 = yo] = P[Xn+1 S Syn+1|Xn € Sym ... ,X() S Syo]
= Y PXup1 =01 Xn €8y, Xo € Sy

$n+lesyn+1

using the Markov Property for the Markov chain {X,,},>1 we have that the above is

= Z PXyt1 = Tni1| Xn = T, ..., Xo = 20]P[Xyy = 2, Xyo1 = Tp1, - - -, Xo = 0]
2;€8y,;,1<i<n+1

- Z P[Xn—i-l = xn—l—l’Xn = ajn]P[Xn = Tn, Xn-1=Tp-1,...,X0 = «730]
z;€8y,,1<i<n+1

Tn+1 GSy7L+1

= P[Yn-H = Yn+1|Yn = yn]

Inductively (and arguing similarly for case P[Y;,+1 = Yn+1, Yo = Un, - - ., Yo = yo] = 0) we have

n
P[YH—H = Yntl, Yn = Yn,---, Y0 = yO] = P(YO = 2/0) H Qy; 1y

i=1
Thus we have show that Y, is a Markov chain on Z, with transition matrix @ = [gy:]y .ez. -

Let h : S — [0,1] be such that h(i) = Pi(TéO} < 00)) =1, where Téo} =min{n >0:Y, =0}.

Note that h solves (1) with p; = % and It = %

Let 3 < 4. Then (2) holds and for all i > 0, h(i) = 1 from (3). Therefore 0 is a recurrent
state which implies that p is a recurrent state for X,,. As X,, is irreducible we have that X,
is recurrent on S.
Let 3 > 4. Then (4) holds and for all i > 1, h(i) < 1 from (5). Therefore 0 is a transient
state which implies that p is a transient state for X,,. As X, is irreducible we have that X,,
is transient on S.



