
Introduciton to Stochastic Process Semester I 2025/26
http://home.icts.res.in/→athreya/Teaching/isp25 Probability Models

1. (Monkey typing “ISP IS BORING”) A monkey draws independently and uniformly from the English

alphabet S = {A,B,C,D, . . . Z}. Let Ui be the result of the i-th draw. Let An be the observable

events from U1, U2, . . . , Un. Let the random time ω be defined as

ω = min{n ↑ 11 : (Un→10, Un→9, . . . Un) = (I, S, P, I, S,B,O,R, I,N,G)}

(a) Show that ω is a stopping time and E[ω ] < ↓
(b) Find a martingale (Mn)n↑1 such that

i. M1 = 0 and Mω = ω ↔ 26
11

ii. there is a C > 0 such that | Mn+1 ↔Mn |↗ C for all n ↑ 1

(c) Show that E[ω ] = 26
11
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2. (Erdös Renyi Graph- Threshold for isolated vertices) Let n → 1, 0 < ω < n and V = {1, 2, . . . , n}
be the vertex set. Consider the Erdös Renyi Graph G(n,

ω
n ) in which we place an edge between

i, j ↑ V with probability
ω
n . Define

Yn =

n∑

i=1

1( vertex i is a isolated vertex in G(n,
ω

n
))

to be the number of isolated vertices in G(n,
ω
n ).

(a) Show that

n exp(↓ω) exp(
↓ω

2

n
) ↔ E[Yn] ↔ n exp(↓ω) exp(

ω

n
).

(b) Show that

Var(Y ) ↔ E[Yn] +
ω

ω↓ n
(E[Y ])

2
.

(c) Show that if ω↓ log(n) ↗ ↓↘ then P(Yn = 0) ↗ 0 as n ↗ ↘.

(d) Show that if ω↓ log(n) ↗ ↘ then P(Yn = 0) ↗ 1 as n ↗ ↘.
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We will now prove the result below.
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3. (Large Deviation) Let {Xk}k→1 be i.i.d Bernoulli (
1
2 ) and Sn =

∑n
k=1 Xk. Show that for a >

1
2 ,

lim
n↑↓

1

n
logP(Sn → an) = ↑I(a),

where

I(a) =

{
log(2) + a log(a) + (1↑ a) log(a) a ↓ [0, 1]

↔ otherwise.

Using Symmetry show that the same conclusion holds for P(Sn ↗ an) for a <
1
2 . Conclude the

SLLN for {Xk}k→1 using the Borel-Cantelli lemma.
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See : Large Deviations by Frank den Hollander
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4. (Random Walk in Trap model) Let {Xn}n→1 be a simple random walk on Zd
with X0 = 0. Let

{Ny}y↔Zd be i.i.d. Poisson random variables with mean ω, and let {Y y,j
n }n→1,y↔Zd,1↗j↗Ny

be a family

of independent simple symmetric random walks on Zd
where Y

y,j
denotes the j-th random walk

starting from y at time 0. Let the number of traps at site x at time n be

ε(n, x) :=

∑

y↔Zd,1↗j↗Ny

ϑx(Y
y,j
n ).

Fix 0 ↗ q ↗ 1, which will be the trapping probability. At each time n → 0, X is killed with

probability 1 ↑ (1 ↑ q)
ω(n,Xn). Namely, each trap at the time-space lattice site (n, X̄(n)) tries

independently to capture X with probability q.

(a) In d = 1 draw a pictorial representation of the above model.

(b) Given a realization of X, let ϖ
X
(n) denote the probability that X has survived till time n.

Show that

ϖ
X
(n) = Eω

[
(1↑ q)

∑n
i=0 ω(i,X(i))

]
= exp

{
↑ ω

∑

y↔Zd

w
q,X

(n, y)

}
,

where

w
q,X

(n, y) := 1↑ EY
y

[
(1↑ q)

∑n
i=0 1{Yi=Xi}

]
,

where under EY
y , Y is a simple symmetric random walk starting at y.

(c) Pascal Principle: it is known that given a realization of X,

ϖ
X
(n) ↗ ϖ

0
(n),

where 0 is the trajectory of the walk X that stays at 0 all the time.

i. Explain the significance of Pascal Principle and describe it in words.

ii. For a proof see Lemma 2.2 in https://arxiv.org/abs/1010.3958.
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