
3. Martingale - Discrete time & Discrete Space

- Historically : Gambling systems in 18th Century

Preliminaries : -

· Conditional Expectation : Suppose X and Y

are discrete random valiables

y e Range (Y) i
.

c . P(y= y) > 0

EisO

E(X(Y= y] = 2k +(x= k(y= y)
It Range(X) in countable KE Range(X) Rod31.
infinite : - the series

should converge for
well-definedness.

Definition 1 : -let (2
,
7

,
1) be a Probabilitity

space and < En : 1311- be a sequence of

random valiables on it. GEntna
,

is a

martingale it

· ElZnI < x n=1 .

· ECZn 2n- = En+,
In-z= Se-z

, ...,z= 3,] = Seri

whenever P (21-1 =+
,
In-= 31z

, ...,E =3)) 70,132.



Example 1 : Sn
=Exixi =h

Let n >2.

Suppose #(Sn = Sat
,
Sanz = Siz

, ..., Sisi) To

for Some Filip ,
Sie Z

.

· E[Sn(Sn = Br
,
Sanz = Sna

, ..., Si =si]

& H
= Ek (Sn= Sn = Se ,

Sanz = Sec
, ..., Si =)

d REIL
Already seen

3 E ↳ P(Sn=
k (Sn = -n-) Essay

,

"a Markov
Chain

REZI

T = 2 ↑ P) Xn = k-Sn- (Sn+ = Sn-)
N

UE2

- (Se = Xn+ Sn+) Xu is independent

= 2kP(Xn =
k - Sn+) E of Sn-1

UEZ1

= (n++1) + (b -1)] = Sn+

· ElSul = EleXilEil

= (SnYn ,

is a Martingale.



Example 2: On (1
,
7, ) let (Xibx ,

be random

~ ariables

⑳ X = h ! web , pas
=Ex

k=1

Then E[S1/Sn = Bat
,
Sanz = Sec

, ..., Sies]

(EX) = p(bn+ 1) + (Sn- - 1) ( +- p)

= Sn+ (PF])

⑤ (Sulny ,

is a Mackor chain but not

a martingale.

Xx = C! let 21 =G
(i . i - d .)

2n = 2n+ + X. E
,

Ex:-(Intix ,
is Not a marker chain

-

E2n/ 21-1 = 3
,

. . .

,
21= 3 ,] = En+

as E[X] = 0.



Example (Product Martingale
On Co2 , 7

,
1P) , EXabes

,
are a sequence of

discrete random variables i = i . d E[X ,] = 1
.

Let 2n = xi -n= /

let 3
, . . . . 3-E R S. t

#(2n - 1
= 3

.-.

, ..., 2
= 3

.
) 70

E[2n) 2n . 1
= 3.

... ... , 2
= 3

, ]

= Ek #(2n= k /2n = 3
..., ... , 2 = 3)

ke Range (In)

* EkKerans
Ex E↳=

kE Range (2)



=↓
&

Xn es independent
of 2

, , .., 2n-
S

(Y &X,)
& k ↑)X,

31= 4)
=

↳ E Range (2)

F u31- π)X1 = u)
UE Range(X,)

E 3... E[X] = Ex
- 1

· F(2n) = ElTXil =E = [EI
i= 1

: [InYne ,

is a Martingale.

Further suppor
, Xi & X = &200o up t

# (x =1 = ky) & zn=
is a martingale



# (2 = 2)=
high values with

low probability

low values with
4(2n =0 = 1-

high probability

Preliminaries :

-

Meaningof :

-

E[zn 2n = In+,
zn-z = 3n -z

, ...,z= 3,] = Sm
.
-(x)

whenever P (21-1 =n
,

In-z= 31-2
, ...,E =3

.)) 70

LH. S . of *: ECzn 2n- = En
,

In -2 = 31 2
, ...,z= 3,]

is

f(zn
+, En-2 ,

..., 3)

R: n- : = g(zn-1)

Let Y - 1 =
+2

,
2n

,
. . .

.,
z

, ) (randomable! )
Cubing LHS. (X) we can find Yet

Enterpretation : -

Ye -+ =can be -"E[2112n ,
. . ., 3 ,]

"

thought of



Rephrase
: (Inhex ,

is a Martingal

El21) < O
,
Any and

① [
. En(2n

, ...,
2 = 2 fnzz

#[In/2n -1, . . .,
2, ] = function of 2n

, ..., z ,

i a function of En-1 if 22nd ay ,

is aAmartingale

Exampl 1 Crevisited) : -

Sn
=Exi Xi = G!P (independ a

S

· show /Silic ,
is a Martingale usins

=>

· ElSul = "E Elvil In < d

It

· E/Sn/Sny, . . . . ,
Si]

= E[Xn + Sn -1 /Sn , ...
S

,]



Ex : (linearites of conditional
Expectation (

= E[X. (Sn , ...
S

,] + E[SySm , ...
S

,]

W ~

= E[X1] + Sn-1

--- ↓
-

I

· let X
, 1, z be discrete w.r.

X = f (Y
, 2) for some

· X andY all v . r's such that f

X is independent of Y
Ihen

E(X(y= y
,

z =3)

E[X(y =3)
= Ek ((X=k(y=3,

2= z)

=

EkD(x=x(y=3) keRange(X)

KE Range(X)
= Ek D(+(Yiz) =1) Y=3,

2= z)

keRange(X)

=
Ek(X=k)

Supposa a = +(, 3)
KE Range(X)

= u N) f(y,
2)= u

,
Y=y,

2= 3)

↑ (Y= y,
2 =3)

= E[X]
= u = f(y

, z)

E[X1Y] = E[X] it ·

E[X1Y, 2] = X Whenever

X = +(4, 2) for some

X is independent ofY function+

= 0 + Sn -



Example 2 (Revisited : EX = 1 & In= Xi

Xi de itc .

E(2n/2n-
, ..,
2,] = E[Xn2n-11211,...,

2
, 7

·
X, Y au discrete r . v = (y +)

=Zn- EdYo 12 mz
,

. .

.,
2

, )

E(Xy(y=y]

= 2kP(XY = k(Y=y)
keRanse(Y)

= 2n- E[Xn]

= R 2J ↑
x i ilpenet of Zie

,..
2,

-

=-[up(X= u(Y= 1)
Ut Range(X)

= yE[X(y = 3)

E(XY(y] = YE(X(Y]

xi = x = 22we P(2n = 2) = 1
2n

P(2n =d = 1 -t

Note : E - Zo as noE as n-g



Example4 : (Exponential Martingale)

on (r
,

7 ,) : Xi =G'
-

Sn= Xi Sozo. -Ratingale

Ele") = er # rER
.

Let g(us = In ElerY]

letre i be fixed.

vSn-ngCr)
2n = e -n= )

=-
-

rxi - g()
Set Yi = e i Yi all iid

& EMil = 1 & In=:

El

=> (Inny ,
is a motingale 1

(Example2)



lemma 1 Let 42n : nsit be a martingale. Then

Kien
,
Elan(zi

, ...
2) = zi -

Proof : -

Haim:[Tower Property) X
,

4
,
2 au discrete random

variable, Ite

E [E[X(y ,2](i] = E[X(y]

Assume claim.

Proof by induction :

n = i +1 Then # reduce to
-

E[2n/2i
,

. . ,
21] = E[al2i, ...

21]

= Zi (Martingale

:G is verified.

Assume n= itk ⑦ is true

= E[Zitk/Zi , ..., ZD = Zi



n = i + k+

EC Litk+ 1 /Z i
.,

Zi+, .., 21]

To per ELE <with it-it 22
,
2in :,

2 , ] Zi
,
2i-1 . ,

2 ,]
-

I
Properly

= E(Zitk /Zi ,

2:+
, . .,
z]

chantingale)

= zi

(induction) R

Suppose (Injus ,
is a Martingale then

lemma1 => E[In/21] = z, n> 1
·-

Take expectation on both side

ECE [2- 121]] = E[21]

MECECX1Y]]= EEX]

= ECI1] = EXZ ,1 >1
i

Expectations stay constant.


