
·

Recall :-

· (2 ,
7,) - on which G2ndny ,

is a Martingale

If 0 El2n) <s ne

② E[In/2n
,
2n

, ...
2) = 2n+ fn32

Interpretation""
· +(z

., 5
, . . .

,
3n -
1) = E[2 . (2n - = 3+, ...,

2 = 3,]

E
· ES2n/2n+

,
2n

,

[1 := +(21
, 22 ,

...

,
2n-1)

= [2 . /2n -1
= En+, ....,

2
, = 3,] = Se- ; provided

↑ (n-1 31+
, ...,

2 = 3
,
70 .

Random Walk

· (xilix ,

ind . X = & ! vet
u.p t

Sn =Xi - (Seln
,

in a martingale

Product Martingale

· (xibis ,

ii . d. X
,
with E[X) =1

In
=Xi - [2xEni a natingle

·



Example 3 (Branching-Process) - Critical

on (02,
7 ,
) Suppose &Xinhi

, new

·

they are and . X such that

x = [2 we
2n-1

Let z1 = 1 En =EXin + nez .
S

Think of (Vi .n)1i < 2 - as the

offspring of each particle, in 2n-1 .

X1 ,4
= 0

o-X
· Each particle

-Y
i ,3 = 2 alive in the nth

-Y2, 3 = generation give
⑧ - birt to two

2 = 1 -

· X3
, 4 = 2

-Y2
, 3.

= 2
·

X4
,

4 =0
c 2 co

22 - particle in the
22

(X, = = 2) 2 =

=E,

Xi,
n+ 1

* generation

ca realisation(



· El2n) < N

n = 1 z, = 1 = Elz,)

Assume n = 1 El2k) <

The n = k+ 1 zu

En+
= 2 Xi , k+ 1

i = 1

Flzktl < 2 EEn < o

Chypoltesisk/
=> by induction El2n) FR31 .

· Assume P(2n- = 3- 1 , ... ,
< = 3 , ) To

E(In(2n- = z . . , ,
. . .

,
z = 3i]

= Exi (n = 3.., ...,
z = 3)

= ESXi (2n = 3., ... ,
z = 3)

=3 ESXi. (2n = z-, ...

,
z = 3)

i=1



As EX1Y] = ESX] when X in independent

of Y this implies the above

= ESXi]
I 2. +0 =

= ·Linin ,
is a Martingale

Ex: P) 2n70) 70 as n->

Preliminavies

[Towe Property]

*
,

Y
,
2 an discrete random variables ther

ECE[x(y ,
z)(y] = E[X(y]

Prof :- For, ye Range(Y) ze Range (2) let

↑ (y= b) To
,
1P(z= 3) To ,

PlY= 1
,
2=31 To

h(y
,3) : = E[X(y = y

,
z= 3)

= 2xP(X =u(Y = y
,
z= 3)

iCE Range(X)



Now
,
ECE [x (4

,
z) /y = 3 ]

= E(h(y , z))y = 3]

= Sh(s,
z)P(y= s

,

z=z)Y=3)
Se Rangel Y)

zt Range(z)

= 2 h(u , z)P(z=z)y=3)

ze Range(2)

= z(2xD(X =u(4 = b,
z=z))b(z =z)y=3)

iE Range(X)

zeRange(z)

(non-negativeSeries (

O E
E x

=

8·Call possibilities of 2)

=2

= E[X(y= y]



·

As yeRangelY) and ze Range (2) were arbitrary

ECE[x (4 ,
z)/y] = E[X14] is

2 . Stopped Processes

On (M, 7,) suppose X is a discrete

random variable .

Definition 1: (observable events)

Ax = events observable by X.

BER2 belongs to Ax it it can be

written a a union of basic events

\X= c) CE Range (X)
&

Definition2 :(observable events)

Suppose Z
,, 22

, ...,
En au discrete

random variables for some n

An = set of all observable events by EEib
=

BER2 belongs to Air it it can be

written a a union of basic events

& z1 = s, ...

,
En = En]

;
Sit Range (Eu)



Sometimes An-referred to a

set of all observable events by time n.

Next we shall define stopping times.

Definition 3 : (stopping time

On (12, 7
,
4) let (Indus ,

be a sequence of

random variables.

T :r -> N WG]

is called a stopping time for Czubna ,
it

& T= kY is an observable event from GEN volulat

21, ... Zk

"ISEKE is a function of 2
, 21 .... zu

"

1 : C \T= 25E Ar

· Definition 4 :(stopped process)
·For any stopping time T of

G2n3ms ,
we define the stopped process

Zu n <T

zT = E zt nT

= z
n1T

Zi = Z



Theorem 2 : Given a sequence &Endoy
,
and a

stopping time T : 2 + Nu.07 Ihe

the stopped process

& E3nx ,
is a martingale

whenever

SEnYne ,
is a martingale .

1. 2 .

-

ETZnTJS

- E[2i(z
,..,
z] = zi

+
-()

when (Enina ,
is a martingale .

[Intuitively - Ex) is true :

SEN
, ....

3 .
) me will determine ift has

happened by time n

3
Tzn 3 = 3

TCn zi = 3n -1

[214n
>,

-
Martingale

=> E[InT / ZEFsH,..,
ET = 3 ,
] = 3-]
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