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ProprosiTION 1.4.5. Let X, be a Markov chain on S with transition matriz P and initial
distribution p. Let A C S and T4 be the hitting time of the set A. Let h : S — [0,1] be
given by

hA(i) = P(TA < o0 | Xo = i).

(a) R4 is a solution of the linear system of equations given by

1 ifie A
hA(i) =
Yjespigh*(d) ifig A

(b) If f : S — [0,00) is another solution to (a) then f(i) > h(i) for alli € S.

Proof: (Not covered in class but is within the scope of the syllabus and is from [Nor97].)
(a) If i € A then P(Xy € A | Xp =) = 1. Hence,

PAG) =P(TA <00 | Xo=i) >P(TA =0 | Xg=i) =P(Xo € A| Xg=1i) =1
and since A (i) < 1 this implies
hAG) =1 (1.4.5)

For i € A, the chain will take at least one time step to enter A if it starts at . Hence

P,(T# > 1) = 1 further, as P is the one step transition matrix

P(T*=1|Xo=1)=P(X1€A|Xo=14)=> P(X1=j|Xo=1) = pij. (1.4.6)
JjEA jeA

For n > 1, by definition of T4 we have

{T" =n} =UZ1{X; ¢ A}U{X, € A}.

= U {Xi1 =0, X0 =ri2,... Xppo1 = in—1, X = i}
1<j<n—1,i;¢A and i €A

So, the above will imply

P(Th=n|Xo=i)=> > ... Y > PXi=i;,Xos=1s,... Xp_y = in_1,Xp =i | Xo = 1)
1A I2ZA  ip_1€AinEA

n—1
- Z Z Z Z Diiy - Hpikikﬂ (1.4.7)
k=1

1A iagA in—1Z€Ain€A
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22 MARKOV CHAINS

Observing that (1.4.7) holds for all i ¢ A and n > 1. A simple relabelling in (1.4.7) will

yield
IP(TA =n | Xo = 2 me Z Z Z Z Djiq - H Piyigq
JEA i@ AizdA i 1¢AIn€A
- sz] Z Z Z Z Pjiy leklkﬂ
jEA i1€Aia A in_2¢Ai, 1€EA
:Zpij P(T4 =n—1] X, =j). (1.4.8)
JgA
Now, for i ¢ A
o0
A =P(TH < o0 | Xg = i) = U{TA—n}|X0—z:Z TA =n| Xo=1)

=2 P+ D pyP(T" =n—1]Xo =)

jeA n=2j¢A
o
=> pii+ > pi > P(Th=n—1]Xo =)
JEA JZA n=2
= Zpij + ZpijI[)(TA < 0 | XO :j)
JEA JgA
=Y pP(T* < o0 | Xo = j), (1.4.9)
jES

where we used (1.4.5) in the last equality. Hence by (1.4.5) and (1.4.9) we have the result.

(b) Suppose f solves the system described in (a). Then for i € A we have f(i) =1 =
h(i), and for i ¢ A we have

i) => pif(j)

JES
=Y pij+ ) piif(j) (1.4.10)
JEA jZA
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Now by iterating the method from (1.4.10) used to rewrite the function f we have

f@) = Zpij + Zpij (Z Djk + ZP]kf(k))

jeA j€A keA kA
= pij+ Y, Y. pipik+ > pijpikf (k)
jEA JEAkEA €A kgA
=P(X1 € A)+P(X1 €A, Xo€ A)+ D> pijpjnf(k)
JEAkZA
= Pi<TA =1)+ Pi<TA =2)+ Z Z pijpjkf(k) (1.4.11)
JEAkZA

Proceeding inductively, we obtain for any n € IN, ¢ € A
n n
Fi)=> P(T" =m) + > Piir || Pimrim f (in)- (1.4.12)
m=1 imEAC,1<m<n m=2
From the above we have for any n € N, i € A
n
Fi) = > P(T4=m)
m=1
and consequently taking n — oo in the above we obtain
[o¢]
(@) > Z Pi(TA =m) = Pi(TA < o0) = hA(i).
m=1

This concludes the proof. |

ExAMPLE 1.4.6. Natasha enters a casino with 10 Rupees. At each time step, a coin is
tossed with probability p, 0 < p < 1 of coming up heads. While she has money, Natasha
can play the following game. If the coin comes up heads then the casino pays her one
rupee, but if it comes up tails then she pays the casino one rupee. A natural question of

interest would be if Natasha will loose all her money to the casino.

Let X,, be the amount of rupees that Natasha has at time n. At any point in time if

she has no money left then she leaves the casino. As seen earlier, X,, can be modeled a
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24 MARKOV CHAINS

Markov chain on state space S = {0,1,...} with P(Xy = 10) = 1 and transition matrix
P, given by
1 ifi=35=0

D ifi>1,j=1i+1
Dij =

l—p ifi>1,j=i—1

0 otherwise

The dynamics of X, can be thought of as a Random Walk on W given by

............... @/Tp—‘p/@ ...................

Clearly A = {0} is an absorbing state. Let k% : S — [0,1] to be given by
hA(i) = P(T* < o | Xo = i)
and we are interested in A (10). Let ¢ = 1 — p. From Proposition 1.4.5 we know that
1 ifi=0
(i) =
phA(i+1) +qhA(i—1) ifi>1

Solving such a recurrence relation is discussed in Homework 5. From Homework 5, 4(a),
if p # ¢ then

7\
hA(’L) =c1+c2 () .
p
for some constants ¢; and cy. As h4(0) = 1 we have ¢; + c2 = 1 which implies

WAG) = (1— 1) <]q9) +er.

First suppose ¢ > p (which means Natasha is more likely to lose a game than to win it,
the usual state of affairs for a casino game). Then ¢; must be zero. Otherwise h* (i) is

unbounded as i increases which is a contradiction since h* (i) < 1. Therefore,

if p > ¢ then h™(i) = 1 for all i > 1.
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In this case Natasha will loose all her money with probability one if she stays long enough
in the casino regardless of how much money she starts with.

Now suppose ¢ < p. Since (%)Z — 0 as ¢ — oo this will force ¢; > 0. Since each ¢; > 0
provides a solution to the recursion and since by Proposition 1.4.5(b) the function hA (i) is

less than or equal to any such solution, this implies that ¢; = 0. Therefore

if g < p then A (i) = (2) forall i > 1.

10
Since Natasha begins with ¢ = 10 rupees, there is a (%) probability that Natasha will
loose all her money if she continues betting forever.

Finally suppose p = ¢. Then from Homework 5, 4(b), if p = ¢ then
hA(i) = ¢ +ico.
Now, ¢; = 1 as h(0) = 1 and cp = 0 as 0 < h*(7) < 1. This implies
hA(i) =1 for all i > 0,

and as in ¢ > p case Natasha will loose all her money with probability one if she stays
long enough in the casino. Only in the ¢ < p case is there some chance she could continue

playing indefinitely. In the case p = 1 she surely will. |

The previous example is known as the Gambler’s ruin chain. We shall now discuss a

related, but more general model called the Birth-Death chain.

ExamprLe 1.4.7. Let X,, be a Markov chain on S = {0,1,...} with transition matrix P
with
1 ifi=j=0

i ifi>1,j=1+1
Pij =
1—p; ifi>1,j=0i—1

0 otherwise

where we assme 0 < p; < 1 for every ¢ > 1. Note this model is very similar to the Gambler’s
ruin chain of the previous example except that probability associated with the coin flip is
potentially different for every state. Clearly A = {0} is an absorbing state. Let ¢; =1 —p;
and let h™ : S — [0, 1] to be given by

A1) = P(TA < o0 | Xo = 1).
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From Proposition 1.4.5 we know that
1 ifi=0
W (i) =
pihAG+ 1) +ghi(i—1) ifi>1

We will not be able to solve the recurrence relation using the techniques of the previous

example. Instead, let u; = h(i — 1) — h(4). From the above, we have

_ 4%
Uit1 = Ui,y
?

for ¢+ > 1. Iterating the above, inductively we obtain for all 7 > 1

)
gk
Uity = <H ) uy.

k=1 Pk

On the other hand it is easy to see via a telescoping sum argument that h*(0) — h4 (i) =

23':1 uj, and this implies for i > 1,
il
hA@) =1l-uw Z H (k) .
j=1k=1 \Pk

If 3752, H{;ll (z%) = oo then as 0 < hA4(i) < 1 for all i > 0 this will force u; = 0 which

will imply u; = 0 for all ¢ > 1 and consequently
hA(i) = 1 for all i > 0.

If 3352, Hi;ll (;ﬁ—i) < oo then to satisfy the requirement that 0 < h4(i) < 1 it must be
that

1
O<U1<

<up < — )
=i (3)
and so by Proposition 1.4.5(b) this implies that

1
uy = 1 .
| v (f?ﬁ)
Therefore for ¢ > 1
oo J=1 (qr
oy ST 2)

oo =1 ()
2 IHZ) (&)
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1.5 RECURRENCE AND TRANSIENCE

A quantitative way to understand long time behaviour of chain is to decide how many

times does it visit a site. We consider a few situations in the next example.

ExamvpLE 1.5.1. First we consider, X,,, to be a Markov chain on S = {0,1,2,3} with the

dynamics desribed via the graph below.

It is immediate that the number of vists to {0} (counting from time n = 0) is either 1
(when the chain starts at state 0) or0O (since if the chain does not begin at state 0 is can
never visit that state in the future. Consequently the set {1,2,3} will be visited infinitely
often by the chain as n — co. Though it may not be as apparent, it is a fact that since
1 <> 2 <> 3, the chain will visit {1}, {2}, and {3} infinitely often.

Let us now consider another Markov chain on Y,, on T' = {0,1,2,3,4,5,6,7} whose

dynamics is given by the graph below.

It is immediate that the number of vists to {7} (counting from time n = 0) is either 1 (when
the chain starts at state 7) or 0 (if the chain stats in any other state). Consequently the
sets {0,1,2,3} or {4,5,6} will be visited infinitely often by the chain as n — oco. Further,
a little bit of thought will yield that for some starting points only one of them is visited

infintely often and the other set is never visited.
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Our final example is the Markov chain from Example 1.1.4 given by dynamics below

If 0 < a, B < 1 then one can show that both 0 and 1 are visited infinitely often by the

chain as n — oo. There are no states in the chain that are visited finitely many times. l

We shall now formalise the observations from the above example and proceed to
establish a dichotomy property for a state in terms of the number of visits to the state by
the chain. Let X,, be a Markov chain on S with transition matrix P and initial distribution

p. . Define number of visits by time n to the state ¢ € S by
n
Na(i) = D 1ixp=i (1.5.1)
m=0
and the total number of visits to the state ¢ € .S by the chain as
oo
N(i) =" 1ix,—i- (1.5.2)
m=0

A state i € S is called recurrent if, with probability one, the total number of visits to
state ¢ is infinite and is called transient if, with probability one, the total number of visits

to state ¢ is finite.

DEFINITION 1.5.2. A state i € S is said to be
1. recurrent if P(N (i) = oo | Xog = 1) = 1.
2. transient if P(N (i) < oo | X9 = 1) = 1.

The Markov chain X,, is said to be recurrent (resp. transient) if every state is recurrent

(resp. transient).

The dichotomy referred to earlier is the fact that a state must be be either recurrent or
transient. To establish this fact we will need to introduce the notion of return times. For
any A C S, the return time to A is defined by

Ty =inf{n>1:X, € A}. (1.5.3)
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1.5 RECURRENCE AND TRANSIENCE

Note that if A = {j} is a single-state set, then T(;; = T} is simply the hitting time of state
{7}

Suppose a chain starts at state ¢ € S and visits the i, m times. Then the time length

of each of the m excursions between each visit are i.i.d. under P; by the Markov Property.

Thus, the probability that the chain makes at least m visits to a site ¢ € S is the same as

the probabilty that the return time to site ¢ is finite for m independent copies of the chain.

This notion is made rigorous in the next lemma where we derive a relationship between

N(i) and T; for i € S.

LeMMA 1.5.3. Let X,, be a Markov chain on S with transition matriz P and initial
distribution . Let i € S. Then for allm > 1

P(N(i)>m | Xo=1)=[P(T; <o | Xo=1)]" (1.5.4)
Proof : Let m € IN. First note that

{N(i) >m} ={N(i) > m,T; < oo} = | J{N(i) > m,T; = k}.
k=1

For k > 1, if P(T; = k | X9 = i) > 0 then using definition of conditional probability
and N (i) we have

P(N(i) > m, T, = k | Xo = i) (1.5.5)

P(N(i) >m | T; =k, Xo =)P(T; = k | Xo =1)

—P(N() > m|Xp, = 6, Xpo1 # v, X1 # 4, Xo = O)P(T(i) = k | Xo = i)
P(N() > m—1)P(T() = k | Xo = 0). (1.5.6)

The last equality is a consequence of the Markov Property (see Exercise 7?7 and definition of
N(i)). Intuitively, the memoryless property of the Markov chain implies that the proability
of having at least m visits to the state ¢ € S given that there is already one visit to state ¢
by time k is the same as probability of starting at ¢ and having at least m — 1 visits to
state i € S (See Exercise 77).

For P(T; = k| Xo =4) =0 then P(N(:) > m,T; =k | Xo = i) = 0. So, even in this

case trivially,

P(NG@) >m, T =k | Xo=i) = P(N(i) >m 1| Xo = i)P(T; = k | Xo = i).
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Using this and (1.5.5) we have,

hE

P(N(i) >m| Xo=14) =S P(N(i) >m,T =k | Xo = 1) (1.5.7)

e
Il
—

I
NE

P(N(i)>m—1|Xo=i)P(T; =k | Xo=i) (1.5.8)

e
Il
—

=P(N(@)>m—-1|Xo=1i)Y P(Ty=k|Xo=14) (15.9)
k=1
=P(N@GE)>m—1]Xo=1)P(T; < oo | Xg=1) (1.5.10)
An inductive argument then shows that, for all m > 1,

P(N (i) > m | Xo = i) = [P(T; < oo | Xo=1)]"

We are now ready to state and prove the dichotomy result mentioned at the start of

this section.

ProprosITION 1.5.4. Let X, be a Markov chain on S with transition matriz P and initial

distribution p.
(a) A state i € S is recurrent if and only if P(T; < oo | Xg =1) = 1.
(b) A state i € S is transient if and only if P(T; < oo | Xo =14) < 1.
In particular a state i € S is either transient or recurrent.

Proof: The proof follows readily from Lemma 1.5.3. The event
e.9]
{N(i) = 0o} = [V {N(i) = m}.
m=1
Since the right hand side above is an intersection of decreasing sequence of events.
P(N(i) =00 | Xog=1) = n%gnooll’({N(z) >m}| Xo=1)

Furtehr note that,

lim [IP(T} < oo | Xo = i)]™ =

m— 00

1 ifP(Ti<oo|Xo=1i)=1
0 ifP(T,<oc|Xo=1i)<1
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Now using (1.5.4) from Lemma 1.5.3 and the above we have Since the right hand side

above is an intersection of decreasing sequence of events, using (1.5.4) we have

1 ifP(7; < Xo=1)=1
P(N(i) = o0 | Xo = i) = i IP(T; < 00| Xo =1) (1.5.11)
0 ifP(T;<o00|Xo=1)<1
By definition of recurrence and transience and (1.5.11) we have the result. [

REMARK 1.5.5. (Criteria for Recurrence and Transience) As a consequence of the preceeding
proposition, one way to decide whether a state i € S is recurrent or not is to check if
P;(T; < 00) = 1. That is, if a chain beginning in a state is guaranteed to return to that
state (at some later point in time) the state is recurrent. If there is some chance the chain
will not return to that state, the state is transient. Checking this condition may sometimes

prove difficult so we shall next try to propose another equivalent criteria.

Claim: i € S is recurrent if and only if
S p = oc. (1.5.12)

Proof of Claim: First we observe that a state ¢ € S is transient is equivalent to
E[N(i) | Xo = i] < co. This follows from (1.5.11) and equivalent definition of

expectation of W-valued random variables (see Exercise ?77) since
P(N(i) <oo|Xog=1)=1<=P(T;<o0|Xyg=1) <1
= Y [P(Ti < oo | Xo=1)]" <0
m=1
= Y P(N(i)>m|Xg=1i) <oo (1.5.13)
m=1

< E[N(i) | Xo =] < oco. (1.5.14)
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Next we will invoke a result on convergence of expectations of non-negative random

variables, and obtain
E[N(i) | Xo =] = E[} (X, =1) | Xo =]

= ilE[l(Xn =) | Xo =i

=3 p (1.5.15)
Thus (1.5.13) and (1.5.15) establish (1.5.12). [}

We conclude with and example on the behaviour of Simple random walk on the integer

lattice.

Exampre 1.5.6. Let X, be a Markov chain on S = Z with tranistion matrix P given by

P ifj=i+1
pij=4 1l—p ifj=1-1
0 otherwise,

where 0 < p < 1. Suppose P(Xo=0)=1. Let i € Z and j € Z with i < j and j —i = M.
Then

M

j-1 J
M
o) = TLower = > 0 and o =TT puaca = (1) >0

k=i k=i+1
Therefore i, j € S then i <+ j and the chain is irreducible.

We now calculate probabilities at state 0 for all time n. At each time step the chain
moves up by one or moves down by one, consequently the chain cannot return to its starting
in odd number of steps. For it to return in any even number of steps, say 2n steps, it must
have moved up by one in n steps and moved down by one in n steps. These can happen
in one of (2:) permutations and each such sequence has probability p™(1 —p)™. So as in

Example 77, we have for any i € S,

(2n] _ 2n n n __ 2n! n n
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Sterling’s formula implies that there is a ¢; > 0 such that for all n > 1

1 1 1
—n"reT < pl < cenTre .
C1

Consequently, there is a ¢ > 0 such that

1 1 ! 1
—4"n 72 < —— < 94"n" 2.
C9 nln!

This implies for n # 1,

1 _1 2 _1

L =p)"n s < < eoldp(l-p)n s,
When p = % then pgn] > é[élp(l —p)]”n_% = én_% and when 0 <p <1, p# % then
pl[-lg-n] < éa”nfé with 0 < a = 4p(1 —p) < 1. So it is easy to see from common facts about

infinite sums that

S 1
an' <o0&=p# -
k=0 2

Hence by (1.5.12), ¢ € S is a recurrent state if and only if p = % or in other words, the

Markov chain X, is recurrent if p = % and transient otherwise. |

Version: — August 23, 2025

33



34 MARKOV CHAINS

Version: — August 23, 2025



BIBLIOGRAPHY

[AS09] Siva, Athreya, Sunder, V.S. Measure and Probability CRC Press (Outside India)
2009 ISBN 14 3980 126 6.

[CasBer90] Casella, George; Berger, Roger L.Statistical inference. The Wadsworth &
Brooks/Cole Statistics/Probability Series. Wadsworth & Brooks/Cole Advanced
Books & Software, Pacific Grove, CA, 1990. xviii+650 pp. ISBN: 0-534-11958-1

[Fel68] W. Feller, An introduction to probability theory and its applications Vol. 1. Third
edition John Wiley & Sons, Inc., New York-London-Sydney 1968.

[Fel71] W. Feller, An introduction to probability theory and its applications Vol. 1I. Second
edition John Wiley & Sons, Inc., New York-London-Sydney 1971.

[FPP98] T.Freedman, R.Pisani, R.Purves, Statistics Third edition W.W.Norton and
Company, Inc., New York-London, 1998.

[FG97] B. Fristedt and L. Gray, A Modern Approach to Probability Thoery Birkhauser,
Boston 1997.

[Ghah00] S. Ghahramani Fundamentals of probability. Second edition Prentice Hall, New
Jersey, 2000.

[HMCO05] R.Hogg, J. McKean, A. Craig, Introduction to Mathematical Statistics, Sixth
Edition, Pearson Education, Inc., New Jersey, 2005.

[HPS72] P.G. Hoel, S.C. Port, and C.J. Stone, Introduction to Probability Theory,
Houghton Mifflin Company, 1972.

[Keane] M. Keane, The Essence of the Law of Large Numbers, , Pages 125-129, Algorithms,
Fractals, and Dynamics, Springer USA, 1995.

35

Version: — August 23, 2025



36

BIBLIOGRAPHY

[Nor97] J.R. Norris, Markov Chains, Cambridge University Press, 1997.

[Pit89] J. Pitman, Probability, Springer-verlag, New York, 1989.

[Ram97] Ramasubramanian, The Normal Distribution 1. From Binomial to Normal Reso-
nance, Vol 2, No.6, (June 1997), pp 15-14.

[Rao73] C.R.Rao, Linear Statistical Inference and its Application , Second Edition, John

Wiley, New York, 1973.

[Ross84] S. Ross A first course in probability, Second edition Macmillan Publishing
Company, New York, 1984.

[Stig84] Stephen M. Stigler, Kruskal’s Proof of the Joint Distribution of X,, and s2, The
American Statistician, Vol 38, No. 2, (May 1984), pp 134-135.

Version: — August 23, 2025



