
Chernoff bounds

These bounds are a variation of Markov's

in equality that have meaningful applications.

let X be a r . v . on (2
,
7,) .

let I = I(x) be

an interval such that

given by

MonetetinsEM:EY) is well-defined.
function

let
, rel ; Y = eY The Markov inequality

implies
P(y =a)

E[Y]
↓ a yo

a

=> He* a) =A

Now let a = erb (say)

·
--b

v20
,

veI = p)Xzb) = eMx(r)()
- ub 3

vo
,
rel = P(X(b) e M
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- chernoff bounds-
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These provide a family of upper bounds on

the tails of the random variable X.

In () for no
,

we I(X)

P(X > b) - decays exponentially
-rb

to o at rate e

(Note : not true for : require Ele 0 (
all X

Example I :

Let X
, Xy :, X

...
be vid X

for > Sn= Xi

vEI(X) ECerSuy = ECX) = (Mx(r)

(c) with b = na gives

#Su >na) = (Mx(r)"Erna

4) Sn < na) < (Mx())"Erra

let Ux(r) = log (MyN1) ,
for: ve [(x) .

H)Sn cna) =expln(Vy(r) - va))
vo

,
reI(x)

P(Sn <na) [expln(ry( - val) v2o
,
weI(x)

- (0)



Lemma l : Let X
..,

Y-; Xn be ind X. Assume

· E [(x): Then
,

My(a) = int [vx(r) - ra]co
,
fa + E[X)

re I(x)

Also,
P(Sec

,
na) [ enMx(a) for < ESx]

nMx()
for a <ESX]4) Sn Ina) = e

&roof : -

let I(x) = [V
-, +] ·

Fin a ER-

1 : 1 -> A be given by

h(r) = Vy(r)-ra

u(() = vyin) - a

:h attains its minimum at

ov- ro : Vy(rol = a or V
+ -

&

let
My(a) : = min Chir

,
her

,
hive)

= it [Ux(r) - wa]
j

Now : rx'(r) = G(n .
)E(x)

E[xeY]

Hobed
b



=> h = E(X) - a
- 1

E(xTeY] - (Exerxy)
hi(r) = vx" (r) =

(ECerx))2
Ex : - Ux" (2) 30-

=> h"(r)30 - 2)

keys
:

-

· a < E(X) = h((d) >0 ; hid = 0

j

hi .)

(is continuous))
1810-Sarco his do

hi(r> 30 => My (a) <0 and

Mx(a) = intry -a

· a < E(x) = h1d <0 ; hd = o

(is Pinson) = 713
0 < - <y = h()o

j

hi(r> 30 => My (a) <0 and

My (a) =
int(vy(v) = ra)
V > 0

From 10) result follows B



Example 1 : XI
,

X2 , ..,
Xn , .

ind X- Bernoulli(p)

My (r) = per +. 1 -p = re( - 0
, a)

h() = vx(r) - va at R

= In (per + 1 - p) - ra

h(r) =0. El tip =
a

E) w = (n(a(l
-x)

P(1 - a)

=> My (a) = (n)p +D-p) -alpa
= ( - a) (n)(P) + ak(()

-

a > b = ((Sn >na) = exp)n(x -a)(n)() + ak(x))

ak = P(S1 <na) < expln(p -a)(n)(2) + ak(* (3)
-

. (3)

Markov P(Sn > na) =* - (
Echebsyscher) P(S >,

na) = ()(b - np) = n(a-
p)

= P) (Sn-np > ncarp)

=P



Proposition 3 (Cauchy-Bunyakovsky .

- Schwarz in equality (

Let (12
,
7) be a Probability space. Let X , Y

be random variable such thatEEX2] < 0 and

LEG1 <*
·
Then

IE XY < E[X] IE [4]

Proof : - z = 1x1 w = 17/
&

E[X2] E(yz]

Both z
,

w are measurable functions of

X
, y = Z

,
w are rand on valiable.

(-w) 0

E) z+we 2 zw

=> ECEWT = !E + w2]

= IE (xY1 < EY lECYY is



Let

a Proposition 4 (Jensen's Inequality) :

Let (12
,
7) be a Probability space and X be

a random variable with finte mean E[x]. Let

6 : 1 + is be a convert function such that

E[q(x]] exists
.

Then = (f(x)] > p)E(X])

Proof : - Now o is conven E)

↑(tx + (1 -t(y) = ty(x) + (1-+)f(y)

*t (011) Fd , > ER ·

P3)
t= 1 *p(x) + (1 -t)f(y)- ·

-
-

t=
(t

+4 -t)

I ! &

xy



lemmad : Let & : R + R be convert
.

Then Erette

7 c = 04(0) St.

4(x) = f(x) + ((x- (0)

1
↑ an sent is "X9(10) + ((x-(0)

below the curve

i

Pot of lemmal : let < < y < z

=> y = +x) + (1 -t)2 fortfall

=> t = y -ze (0)

x - z

-conver =>

↑(tx + ( -t)2) = +f(x) + (1-+)4(2)

El 4 () - 4(u) = &(2) - 4(4)

x- y 2- y -Y

f x(ycz

: kyl &k = 4-+) - 4()

-Yk



my bm=
-

By (1) - ar =9k+ K/

br >
,
but my

ak = bm ↓ ky

my

=> G := lin ar Bitik+2

exists and

-B

(if f in differentiable
~ If d= g then c= d = P at x0)

otherwise choos any <E(
, p)

Also, a do by (1)
&

· P-() - (+) -G
a - 10

Similarly
,

21 >No by (1)

&-D The

=>R 4-(1) = ((x -(0) +f(0)1



Proof : - Let xo = E[X] By lenna1
&

7 CER Str

p(x) - q(x0) + c (X - Xo)

=> E(q(x)] = P(x)) + 0

D



&First and Second Moment Method .

In general the moment method is a method to control

the probability that a random variable takes

values far away from its expectation by

its moments (i
.

e. by ECXK]> 1)
.

Already seen

X > 0 Vive on 2 ,
7

,
) the [Markov's

In equality)
4(X>2) E[X]

I - (1)

The first moment method
,

is essentially Markov's

in equality for discrete random variables. More
-

precisely , X30 integervalued then

H(X +d) = 4(Xy1)[E(x)
·

=> P(XTO) EESX] -
ist Moment
Method

- (2)

The second moment method controls the R(X-0)

by its first (ESX11 and Second (ETX) moment.

More precisely,
Let X be a r . v. on (v

,
7

,
) such that

X 70., ocE[X] <O and ocE[X7 <O.

Her
E[X = E[X - X1x >0]



(Bality (* ECXY] E1x

=> P(X - 0) - (E(X]) Second
moment

# [x2] method

These seemingly elementary inequalities are given

their respective names because they are very

Useful in many applications

Example : - Coupon Collector Problem) Fin 12.

Y, , , ..... be iid . Uniform 41 , ..., n5 .
Let

Th = int 51 (94 . . .

., Yob = (1 ....,47]
- think of 1

,
2

, ... in as Coupons in a

Coupon Tinkuazad company chips packet. Has
manscollectin -

each packet has a randomly chosen coupon
variations

problem placed in it

- Th = # of chips packets you need to buy

to collect alln coupons.

Question : - What is the order of in ?

Answers : -· Fix mal - to denote of days

· let1s E2 1, .., n3
It kth coupon has not

and
xam = q = been picked untilth

day

G otherwise



Note PSX m
,
k

= 1) = (1 -+) - my,

=kn

=> ECXMi] = (1-
M

(1)

↑

#M =
Also $(Xm

,
x

= 1
, Xa ,

e = 1) = (1-2) 11

=> ESXm
, kYm] = (1 - z)m

·

(.)

P( Tn m) = 4)Xm
,

1 + + Xm 1
-)

ist moment

meltod : <E[Xml
+. + Xen]

n(1 - 1)m &

-

Ex: E En (3)
Fx > 0

- E
If menlogr then ne =

1

.

From this intuition take m = nlogy +On for

some sequence of real numbersOn
,

O < Onclogn.

Therefore
,

#) Tn > nlogn + nOn)

-

Inlogn + n Ond
(3)

Exi E N e n

e

7 - 1<(as U <
[ e-on (4)

-xE IR:

-

&

-



Now on the other hand,

P Th < m) = 4)Xm
,

1 +: + Xm
, n

> )

2nd moment? (E[Xm ,
1 +:. + Xm

.
n])

mcIod

E[(Xm ,
1 + : + Xm

,
1)2]

(i)
n

2

(1 - 1)2m

(EEXin] + ESXminYme])
k

, l = 1

k +M

E[XEk] = ECXmi]L
=

n(1 - 1)2m

n(1 -+(n + n(n-1)() - z)m
1 - n = e

- M

&
-x - c -2-1 -xe 3 n 2

-
2mfor -=I ne + n(n +)enI Ex: -

(1) &(2)

=

=

g
.On-2(logn - On

I

(5)

~ P) Tn > nlogn -nOn)

Ex -

·zon-Elogn
+2

3
- 2 logn) g20nOr + (nin-1)e

3

i +20
E

cOn(1 +2)

nei (1 + en)



↑ ·1Th-nlogn) > non)
↓

= P) Th > nlogn + nOn)

1 - P1Tn > nlogn -non)

(4),( on
+1 -

con(1 +z)

nei (1 + en)
-

- (6)

: From (6)

If 0 : On Elogn and On- as

n -> d

then

↑I Th-nlogn) > non) > o a-> 0.I => in concentrates around logn in a

(7)

window of size n.

Corollary1 :

P
Tn > 0 as n

-> so
-

nlogn

Proof : -Given OCE1
,

take On = & log

=>

P(T-11(2) =
IIT-nhank non

EX:- Use (7) to complete the prod
is



EX ample 2 : Bond-Percolation on The

letn = <03 & = 20 , 13" Enel

(vertices) ie- binary tree=
↓ xE He let a(x = (x,2...

-11 EM2"be The

ancestor of a in H2

E = = G(x ,am3xE +2)π}

Fix OXP11 ;
declare each edse

eC E
.

to beI [Edge( - open
with probability P in an LO -

manner

- closed with probability 1-b

[ each eCEd v independent 3
· pen or closed with probability p

S

I



(Path)
x = x - x... ->=y is path in T between

and y it [xi , ni + 17 EE . fi = 0
, (

,
n - 1

.

Ex : Between x , y : Th 7 a unique path in i?

path between

let Co = Seeti/ unto is opent

let xn = & 1(xE()
RETI

(i. e Xe = # of vertica in TMCo)

P(Xn70) > (E[X -])
2

Second
monte

E[X1]

= GET ((0))
2I

·

S

-

-

S

2 & H(x(
,
y7()

M

-

YEFY RE Th

· O

-

2 P(cct() =
E 4( % )
=Spr = Ip = 2

· TCE Th
xE Th

G

- (8)
-R

·

fx
,
yet n3,

x =Y

7 a unique c= (u , 2 ,E The Set Ce It? Sen-I

palt

& c lies on the palt x0 and yx
& &

&

- If x = y ((a , y, 0) = x) = Y .
E i



So

2n - S

#170
,
y7Co ) =↓

YEFY RE Th
x + Y

n
- 1

- E & & #(x Co
,
yEC

,

CETS (
5 = 0 yEXEtth

&

n - 1 2n - >

I E 22 b1(x T ,
37 .H2

,

cEπS)
5 0 YETTE NETthI

=>
& & H(x(

,
yeC)

1 - (Yp)

-
2n

2p- 1

="p2- 2)
s . .2n-S (n - s - 1

S = 0

- I

=Can . (2)% if P-I
L

S

= I . [p)m .

1- (p)"
= (2p)11

- (a)

=>
& & H(x(

,
y7()

=
pV . 2"

- yo)
YEFY RE Th

x = y

it pi

18) - (2"p")2L

:
. P(XnTo) ↳

(9)

(10) · (24)22. E +22
2p- 1

&



send
- team if be (t ,

i

2p- 1 - (1)

#) ((i) = 0) > #) limsup(Xn203)
n

-> xI S the second moment method implies that

#

Ex- limsup
IPC(Xn 203)

n -> x

Ex -

7 2p- 1
- 70

(1) T

-

the probability that the cluster size at

E is infinite is positive pECt ,
1]

·


