
Introduciton to Stochastic Process Semester I 2026/27
http://home.icts.res.in/∼athreya/Teaching/isp26 Homework 2

Due: Wednesday, August 5th, 2026, 6pm
Problems to be turned in: to be announced at August 6th, in class.

Set up: Let N ∈ N. Consider the probability space (ΩN ,F ,P) given by

ΩN = {−1, 1}N , F = P(Ω), P(A) =
| A |
2N

, for any A ⊂ ΩN .

For 1 ≤ k ≤ N , let Xk : ΩN → {−1, 1} be given by

Xk(ω) = ωk

and for 1 ≤ n ≤ N , let Sn : ΩN → {−1, 1} be given by

Sn(ω) =

n∑
k=1

Xk(ω), and S0 = 0.

For n ∈ {0, 1, . . . , N}, let An be the events that are observable by time n.

1. Show that An is closed under complimentation and intersections. Further establish that

{∅,Ω} = A0 ⊂ A1 ⊂ A2 ⊂ . . .An ⊂ An+1 . . . ⊂ AN = F

2. For n ∈ {0, 1, . . . , N − 1}. Suppose An ∈ An Then show that

P(An ∩ {Xn+1 = 1}) =
1

2
P(An), E[Xn+11An

] = 0.

3. Let T : Ω→ {1, 2, . . . , N} be a stopping time. Show, via a direct proof, that E(ST ) = 0.

4. Let −∞ < a < 0 < b <∞, a, b ∈ Z,,

σa = min{k ≥ 1 : Sk = a} and σb = min{k ≥ 1 : Sk = b}.

(a) Let τN = min{σa, σb, N}. Show that τN is a Stopping time.

(b) Show that

E(SτN ) = aP(σa < σb, σa ≤ N) + bP(σb < σa, σb ≤ N) + E(SN1(min{σaσb} > N))

and

E(τN ) = a2P(σa < σb, σa ≤ N) + b2P(σb < σa, σb ≤ N) + E(S2
N1(min{σa, σb} > N)).

(c) E(τN )→ −ab as N →∞.

5. (Ballot Theorem) Suppose L and W are candidates contesting the elections to be president of
students union. In the ballot, suppose each student voter is equally likely to vote for L and W .
THe results are announced and L receives l votes and W receives w votes with w > l.

(a) Let N = W +L and for 1 ≤ k ≤ N let Sk represents the number of votes received by W minus
the number of votes received by L at the counting of k-th ballot.

i. Show that Sk is a simple symmetric random walk of length N .
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ii. Describe the P( that W was leading through out the counting and wins by w − l votes))
in terms of Probabilities involving the random Sk

(b) Find the P(Sk > 0, 1 ≤ k ≤ N | SN = w − l) using the following steps:

i. Show that the number of valid random walk paths from (1, 1) to (N,w− l) that touch the
x-axis is equal to the number of paths valid random walk paths from (1,−1) to (N,w− l).

ii. Show that the number of valid random walk paths from (1, 1) to (N,w − l) is
(
w+1−1

l

)
.

iii. Show that the number of valid random walk paths from (1,−1) to (N,w − l) is
(
w+l−1
l−1

)
.

iv. Conclude that the number of random walk paths from (1, 1) to (N,w − l) that do not
touch the x-axis is given by w−l

w+l

(
w+l
l

)
.

(c) Show that P( that W was leading through out the counting and wins by w − l votes)) = w−l
w+l
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