
Introduciton to Stochastic Process Semester I 2026/27
http://home.icts.res.in/∼athreya/Teaching/isp26 Hw 4

Due: Wednesday, August 19th, 2026, 610pm
Time and problems to be turned in: to be announced on August 19th in class

1. Let S = {0, 1, 2, 3, 4} and the transition matrix be given by
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Let Xn be a Markov chain on S with transition matrix P and initial distribution P(X0 = 0) = 1.

(a) Draw a weighted graph so that the simple random walk on it would be Xn.

(b) Find a unit vector π such that πP = π. Show that π is the stationary distribution Xn, that

is if X0
d
= π then Xn

d
= π for all n ≥ 1.

(c) Find the lim
n→∞

P(Xn = i) for each i ∈ S.

2. Let 0 < p < 1, L ≥ 1 and S = {0, 1, 2, . . . , L}. Assume P(S0 = 1) = 1 and Xn be a Markov chain
with transition matrix P = [pij ]i,j∈Z given by

pij =



p if j = i+ 1, i 6= L

1− p if j = i− 1, i 6= 0

p if j = 0, i = L

1− p if j = L, i = 0

0 otherwise

(a) Sketch the graph induced by this Markov chain on the vertex set S.

(b) Find the stationary distribution π of the chain.

3. Let Xn be a Markov chain on S with transition matrix P and initial distribution µ.

(a) Let i ∈ S is a recurrent state. Suppose there is a j ∈ S and r, s ∈ N such that prij > 0 and
psji > 0 then show that j ∈ S is also a recurrent state.

(b) Assume that µ({i}) > 0 for all i ∈ S. For A ⊂ S let TA = min{n ≥ 0 : Xn ∈ A}. For n ≥ 2,
show that

P(TA = n | X0 = i) =
∑
j 6∈A

pijP(TA = n− 1 | X0 = j).

(c) For all i ∈ S assume that µ({i}) > 0 and suppose for all i, j ∈ S there is a r, s ∈ N such that
prij > 0 and psji > 0. Let Ti = min{n ≥ 1 : Xn = i}. Show that

i ∈ S is recurrent ⇐⇒ P(Ti <∞ | X0 = j) = 1 for all j ∈ S
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4. Let S = Zd and transition matrix P = [pij ]i,j∈S be given by

pij =


1
2d if | i− j |= 1

0 otherwise

Let Xn be a Markov chain on S with transition matrix P and initial distribution P(X0 = 0) = 1.
Show that for d = 2, (Xn)n≥1 is recurrent while it is transient for d = 3.
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