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Due: Wednesday, September 2nd, 2026
Time and problems to be turned in: to be announced on September 2nd in class

1. Let 0 < o, 8 < 1. Consider a Markov chain X,, on state space S = {0,1}, with P(Xo =0) = o €
(0,1),P(Xg =1) = p1 € (0,1), and transition matrix
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and use the technique for solving recurrence relations to show that
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Show that for n > 1,

(1—a—p).

2. Let a,b,c € R and D = b? — 4ac. Let {zn}n>1 be a sequence such that for n > 2 it satisfies:
axy, +bx,_1 + crp_o = 0. (1)

(a) Let D > 0 and «, 3 be the two distinct roots of the quadratic equation ax? + bz + c. Show
that

Ty, = Aa™ 4+ BB",
where A, B € R is a solution to and any solution to is of this form.
(b) Let D =0 and « be the real repeated root of the quadratic equation ax? + bz + c. Show that

zn = (A+nB)a"
is a solution to and any solution to is of this form.
3. Let L € N, X,, be a Markov chain on S = {0,1,..., L} with transition matrix P with
1 ifi=je{0,L}

ifi>1,j=i+1,ie{l,....L—1}

N[

Dij =

(SIS

ifi>1,j=i—1,ie{l,...,.L—1}

0 otherwise
where we assume 0 < p; < 1 for every ¢ > 1. h: S — [0,1] to be given by
h(i) = P(TT < o0,| Xo =1).
Find h.
4. Let X,, be a Markov chain on S = {0,1, ...} with transition matrix P with
1 ifi=j=0
Di ifie>1,j=1i4+1

Pij =
1—p; fi>1l,57=i-1

0 otherwise



where we assume 0 < p; < 1 for every i > 1. Let A = {0} and let h* : S — [0,1] to be given by
A (i) = P(T* < oo | Xo = i).

Find hA.



