Introduciton to Stochastic Process Semester I 2026/27
http: //home.icts.res.in/~athreya/Teaching/isp26 Hw 6

Due: Saturday September 11th, 2026
None

1. Let X,, be a Markov chain on S with transition matrix P and initial distribution u. Find the
stationary distribution in each of the following cases.

(a) (Reflected Simple Random Walk) Let S = {0,1,2,...,m} and the transition matrix P =

[pij]ijes be given by
1oifj=i+1ig{om}

ioifj=i-1,i¢{0,m}
Dij =
1 ifj=1,i=0

1 ifj=m-1,i=m
0 otherwise

Describe the chain and any additional feature if we consider the transition matrix Q = (I+P)/2
o

(b) (Simple Random Walk on a Circle) Let S = {0,1,2,...,m} and the transition matrix P =
[pijli,jes be given by

3 ifj=i+1li#m

1 ifj=i—-1,i#0
pi=1{ 3 ifj=mi=0

3 ifj=0i=m

0 otherwise

Describe the chain and any additional feature if we consider the transition matrix Q = (I+P)/2
?

2. Let Ts be a rooted binary tree, with root p. That is, a graph with the vertex set given by
Unzi{0, 13" U{p}
and edge set given by
{{p, 2} 2 € {0, 1}} U{{z,p(a)} : 2 € {0,1}",n > 2},

where for n > 2, and z = (z1,22,...,2,) we set the parent p(x) = (1,29,...,2,-1) and | z |
denote the graph distance to the root p. On Tq, consider the weight function p to be given by

pw({z, p(x)}) = B! for z € Ty
where [ is a positive number. Let X,, denote the canonical random walk on (Ts, u).

(a) Show that for 8 <  that the random walk X,, is recurrent.
(b) Consider Y,, =| X, |.

i. Show that Y, is a Markov Chain on Z, .

ii. Show that Y}, is recurrent when = %



iii. Show that Y,, is transient when 5 > %

(c) Conclude that X, is transient if and only if 8 > 1.

3. Consider a Markov chain X, on state space S = {1,2,3}, with dynamics of the chain given via a
directed graph with S as the vertex set.
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Find the
lim py; lim p:[g] lim p

[n]
n—00 n—00 n— 13



