Introduciton to Stochastic Process Semester I 2026/27
http: //home.icts.res.in/~athreya/Teaching/isp26 Homework 8

Due: Wednesday, September 30th 2026
Time and Problems due: will be mentioned in class

1. Let © = {—1,1}". Consider for k > 1, X, : © — {—1,1} which are i.i.d. X with distribution given
by

for some 0 < p < 1.

(a) Forn > 1, let S, : Q — Z be given by S, (w) = >} _; Xi(w) and Sy = 0. Show that
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is a martingale.

(b) Let p= % and for n > 1 let

Show that Y;, is a martingale. (Any guess if Y, converges as n — oo and if it does what is its
limiting distribution ? )

(c) Let Ag = {0, 9} and A,, be the observable events by time n > 1 by { Xy }1<g<n- Let V4 : Q@ = R
be sequence of bounded discrete random random variables that are predictable, i.e.

{Vik =c} € Ay_1, for all ¢ € Range(Vy), and k > 1.
Show that SY = >"1'_, Vi(Sk — Sk—1), is a martingale, if p = %

2. Let {& n}i>1,n>1 be a collection of i.i.d. random variables having the same distribution as £, with
o0
pr =P = k), for k € NU {0}, pr >0 and Zpkzl.
k=0

Let Z1 =1 and for n > 2
Zn-1
Zn = Z gi,n-
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Let m = E[¢]

(a) Show that HZJJL is a martingale.

(b) If m < 1, then show that P(Z, = 0 for all large n) = 1.

3. We place M marbles in P pots. At each time unit we choose one of the marbles uniformly at
random and place it in one of the urns also uniformly chosen at random. Denote by M,, to be the
number of marbles in the first urn at time n. Find a,, b,, so that a, M,, + b, is a martingale.



