
Introduciton to Stochastic Process Semester I 2026/27
http://home.icts.res.in/∼athreya/Teaching/isp26 Homework 9

Due: Wednesday, October 7th, 2026
Time and Problems due: will be mentioned in class

1. Let Ω = {−1, 1}N. Consider for k ≥ 1, Xk : Ω → {−1, 1} which are i.i.d. X with distribution given
byP(X = 1) = p = 1− P(X = −1), for some 0 < p < 1. For n ≥ 1, let Sn =

∑n
k=1 Xk and S0 = 0,

Suppose for a < 0 < b,
T = min{n ≥ 1 : Sn ̸∈ (a, b)}.

Show that T is a stopping time and P(T ≥ n) → 0 as n → ∞.

2. Consider the graph Γ = (V,E) with V = Z2 and E = {{i, j} : i, j ∈ V, i ̸= j and ∥ i − j ∥≤
√
2}

with ∥ · ∥ denoting the euclidean norm. Consider the standard weight function µ ≡ 1 on E. Let
{Xn}n≥1 be the random walk on this weighted graph (Γ, µ) with X0 = 0.

(a) Show that Mn =∥ Xn ∥2 − 3
2n for all n ≥ 1, is a martingale.

(b) Let τR = min{n ≥ 0 :∥ Xn ∥2≥ R2}. Show that

2

3
R2 ≤ E[τR] ≤

2

3
(R+

√
2)2

3. Let (Ω,A,P) be a probability space on which {Mn}n≥1 is a martingale with Range(Mn) ⊂ Z. Let
T : Ω → N be a stopping such that E[T ] < ∞. Let ϵ > 0 be given.

(a) Show that there is a M > 0 such that
∑∞

k=M P(| M1 |> k) < ϵ.

(b) Show that there is a N > 0 such that P(T > N) < ϵ.

Conclude that limn→∞ E[| M1 | 1(T > n)] = 0

4. Let {Zn}n≥1 be a martingale on a probability space (Ω,F ,P) and for some integer m, let Yn =
Zn+m − Zm. Show that {Yn}n≥1 is a martingale.

5. (Ex 7.21 DSP Gallagher )Let {Xi}i≥1 be a sequence of i.i.d. random variables such that P(Xi =
1) = P(Xi = −1) = 1

2 . Let Z1 = −2 and

Zn+1 = Zn(1 +Xn

(
3n+ 1

n+ 1

)
)

(a) Show that {Zn}n≥1 is a martingale.

(b) Let J = min{n ≥ 2 : sign(Zn) = sign(Zn−1)} be a stopping time. Using induction on n show
that

P(Zn =
(−2)n

n
| J > n) = 1 and P(Zn = − (−2)n(n− 2)

n2 − n
| J = n) = 1

(c) Show that E | ZJ |= ∞ and limn→∞ E[Zn | J > n]P(J > n) = 0
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