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Longest Increasing Subsequences of a Random Permutation

First moment method, Erdos—Szekeres, and martingale concentration
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1 Introduction

These notes have been prepared with Claude Al Fable 5.1 on High effort. Siva Athreya takes
responsbility of all the content. The length of the longest increasing subsequencs of a random
permutaiton is a classical question and was originally posed by Ulam in 1961. It is well studied
in the literature.

Definition 1.1. Let 7 = (7(1),7(2),...,m(n)) be a permutation of {1,2,...,n}. An increasing
subsequence of m of length k is a set of indices

1<t <---<ip with 7r(i1)<7r(i2)<---<7r(ik).

We write L, () for the length of the longest increasing subsequence of 7, and D, () for the
length of the longest decreasing subsequence (defined analogously, with the inequalities between
the 7(i;) reversed).

Example 1.2. Let n =8 and 7 = (3,1,4,7,5,8,2,6). Then (1,4,5,6), (3,4,5,8) and (1,4, 7,8)
are increasing subsequences of length 4, and one checks that there is no increasing subsequence
of length 5. So Lg(m) = 4. The subsequence (7,5, 2) is decreasing and Dg(7) = 3.

More generally, for any sequence 1, ..., x, of distinct real numbers we define L(z1,...,zy)
and D(x1,...,z,) in the same way; only the relative order of the z; matters.
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1.1 Random permutations

Let II be a uniformly chosen random permutation of {1,...,n}, that is,

1
PIl =7) = ] for every permutation 7.

It will be convenient to realise IT using i.i.d. Uniform(0, 1) random variables. Let X7, Xs,... be
i.i.d. Uniform(0, 1) random variables and set

I1(7) :== rank of X; among X1,...,X,, 1<i<n.
Exercise 1.3. Show that each of the n! relative orderings of Xy, ..., X, is equally likely.
Using Exercise 1.3, II is a uniform random permutation and

Ly = Lo(T) = L(X1, ..., X,).

Ulam’s problem (1961). How large is L,, for large n?
Simulations (Section 3) suggest that E[L,] ~ 2,/n and that L,, is sharply concentrated around

its mean. The goal of these notes
1.2 Main theorem
The main result discussed in class is the following theorem.

Theorem 1.4. Let L,, be the length of the longest increasing subsequence of a uniform random
permutation of {1,...,n}.

(a) (Lower bound) For every n > 1,

E[Lyn] > V/n.
(b) (Upper bound) For every § > 0 and every k > (1+ d)ey/n,
P(Ly > k) < (1+6)7%,

and consequently

lim sup

n—00 \/ﬁ

(c¢) (Concentration) For everyn > 1 and t > 0,
P(|L,, — E[L,)| > tv/n) < 2¢7/2.

We remark briefly on what is known in the literature.

Remark 1.5. 1. Hammersley (1972) showed, by a subadditivity argument, that L, //n — ¢
almost surely for some constant ¢ € [7/2,e]. Logan-Shepp (1977) and Vershik-Kerov
(1977) independently proved that ¢ = 2, so E[L,]| ~ 2y/n. The first moment constant e in
Theorem 1.4(b) is therefore not sharp.

2. Part (c) says the fluctuations of L,, are at most of order \/n. Baik, Deift and Johansson
(1999) proved that
L, —2yn

n1/6
the same limit law as the (rescaled) largest eigenvalue of a large random Hermitian matrix
from the Gaussian Unitary Ensemble. The simulations in Section 3 show the n'/® scaling

= Tracy-Widom distribution,

clearly.



2 Proof of the Main Theorem

2.1 Tools
The first three results have been seen in Probability III class and earlier as well.
Proposition 2.1 (Markov’s inequality). If Y >0 and a > 0 then P(Y > a) < E[Y]/a.

Corollary 2.2 (First moment method). Let N be a random variable taking values in {0,1,2,...}.
Then
P(N > 1) <E[N].

Proposition 2.3 (Jensen’s inequality). If ¢ is conver and Y, p(Y') are integrable then p(E[Y]) <
E[p(Y)].

The next result is a powerful tool in showing concentration inequalities.

Theorem 2.4 (Azuma-Hoeffding inequality). Let {M}}o<k<n be a martingale. Let the observ-
able events till time k be denoted by { Ak }o<k<n, and suppose | My — My_1| < ¢i, almost surely
for 1 <k <mn. Then for every t > 0,

/2
P(|M,, — Myl >t) <2 —_ .
(12, ol 2) < exp< 222:1%)

Proof of Theorem 2.4. Let Dy = My, — My_1, so that M,, — My =Y, Dy, E[Dy, | Aj_1] =0
and |Dy,| < ¢. Fix A > 0. Since exp(A Y71 Dy,) is observable by time n— 1, the tower property
and Homework 11 Question 2 (a) give

B[ M0] = E|A i D B[P | A, ]]| < N2 B[S P,

Iterating, i.e. peeling off D,,_1, Dy,_9,..., D; in turn,

E[e)‘(M"_MO)] < exp </\22 ici) =: e)‘202/2.
k=1

By Markov’s inequality applied to the nonnegative random variable eMMn—Mo)

]P)(Mn . MO > t) — P(ex\(Mn*MO) > e)\i) < e*)\t}E[e)\(Mn*Mo)] < e*)\t+)\202/2'

The choice A = ¢/¢ minimises the exponent and yields P(M,, — My > t) < e**/(29*) Applying
the same bound to the martingale {—Mj} controls the lower tail, and the union of the two tails
gives the factor 2. O

Recall that the exponentiate-then-Markov inequality step is the Chernoff bound technique.

2.2 Lower bound: the Erdos—Szekeres theorem

Theorem 2.5 (Erdés—Szekeres, 1935). For every sequence w1, .. .,x, of distinct real numbers,

L(xi,...,xp) - D(z1,...,2,) > n.
In particular max(L, D) > \/n for every such sequence.
Proof. Write L = L(z1,...,x,) and D = D(z1,...,z,). For each index i let

e /; := the length of the longest increasing subsequence ending at x;,



e d; := the length of the longest decreasing subsequence ending at x;.

Clearly 1 < ¢; < L and 1 < d; < D. We claim that the map i — (¢;,d;) is injective. Let
i < j. If z; < x;, then appending z; to a longest increasing subsequence ending at x; produces
an increasing subsequence ending at x;, so £; > ¢; + 1. If x; > x;, the same argument with
decreasing subsequences gives d; > d; + 1. In either case (¢;,d;) # (¢;,d;). Thus the n indices
are mapped injectively into {1,...,L} x {1,...,D}, and n < LD. O

In Example 1.2, L- D =4-3 =12 > 8. Exercise 2.6 below shows that the bound is sharp.

Exercise 2.6. Let n = ab with a,b > 1. Construct a permutation of {1,...,n} with L = a and
D=0

Exercise 2.7. (a) Show carefully that D, < L. (b) Find the distribution of L3, compute
E[L3] and verify that E[L3] > v/3.

Proof of Theorem 1.4(a). First, D, 4 L, by Exercise 2.7. The map (Xi,...,X,) — (1 —
X1,...,1 — X)) preserves the joint law of the X; and turns increasing subsequences into de-
creasing ones, so D(X1, ..., X,) = L(1 — X1,...,1 - Xn) £ L(X1, ..., X).

By Theorem 2.5, L,, > n/D,,. Since y — 1/y is convex on (0, 00), Jensen’s inequality gives

28] g = g

Hence E[L,]? > n. O
2.3 Upper bound: the first moment method
Fix £k > 1 and let

Nj := the number of increasing subsequences of X1,..., X, of length k&,

that is,
Ny = Z 1{X is increasing on I}.
1C{1,...n}, [I|=k

For a fixed I = {i; < --- < i} the k! relative orderings of Xj,,..., X;, are equally likely, so
P(X;, <--- <X, )=1/k!, and by linearity

B = (1) 1)

The key observation is that {L, > k} = {N, > 1}.

Proof of Theorem 1.4(b). By Corollary 2.2 and (1),
n\ 1
P(L, > k) = P(N; > 1) < E[N] = <k) o
We use (}) < n”/k! and k! > (k/e)*, the latter because e = >.i>0 k7 /! > kF/k!. Therefore
k k 2k 2k
n\ 1 ot _nte? ev/n ‘
k)RS G2 S Rk k
If k> (1+0)ey/n then ey/n/k < (14 6)~!, which gives P(L,, > k) < (14 6)2*. Note that this
is < exp(—2(1 + d)ey/nlog(l + 9)), exponentially small in y/n.




For the expectation, let kg = [(1 + d)ey/n]. Since L, takes values in {0,1,2,...},
ElL) = Y P(Lyo>k) < (ko—1)+ > (1+48)*
k>1 k>ko

Dividing by +/n, letting n — oo and then ¢ | 0 gives limsup,, E[L,]//n < e. O

2.4 Concentration via Doob’s martingale

The concentration statement rests on one simple combinatorial fact. Recall L,, = L(Xy,...,X,)
with L : (0,1)" — N.

Lemma 2.8 (Lipschitz property). If x,2’ € (0,1)™ differ in exactly one coordinate then |L(x)—
L(z")] < 1.

Proof. Suppose x; # x, and x; = a:; for j # 1. Take a longest increasing subsequence of x and
delete the index 7 from it if it is present. What remains is an increasing subsequence of x’ of
length at least L(z) — 1, so L(2') > L(z) — 1. By symmetry L(z) > L(2') — 1. O

Nothing about the uniform distribution was used: changing one data point changes the
length of the longest increasing subsequence by at most one.

Proof of Theorem 1.4(c). Let Ay = o(Xi,...,Xk) for 0 < k < n (Ag trivial) and define the
Doob martingale

My, :=E[L, | Ag] = gx(X1, ..., Xk), gk (1, ... xE) == E[L(xl, ooy Thy Xpt1, - - - ,Xn)].

The second expression follows from the independence of (Xgy1,...,X,) from Ag: one simply
integrates out the future coordinates. Then My = E[L,|, M,, = L,,, and by the tower property

E[My11 | Ax]l = E[E[Ly, | Apia] | Ar] = E[Ly | Ag] = M,

so {M}} is a martingale.

Bounded differences. Let X}, be an independent copy of X}, independent of everything else,
and write X = (X1,...,X,) and X*) for X with the k-th coordinate replaced by X/. Since
(X} Xkt1, - -, Xp) is independent of A, and has the same law as (Xp, Xg11,...,Xp),

Myt = ge—1(X1,- -, Xp1) = E[L(XP) | A,].
Hence, by Lemma 2.8,
| My, — M| = |E[L(X) — L(X®) | A]| <E[|L(X) — L(X®)] | A] < 1.
Theorem 2.4 with ¢ = 1 gives P(|L, — E[L,]| > t) < 2¢~°/@"); replace t by t\/n. O

Remark 2.9. The argument proves a general fact, often called McDiarmid’s inequality or the
method of bounded differences: if Y7,...,Y, are independent and f changes by at most ¢
when the k-th coordinate is changed, then f(Y7,...,Y},) is concentrated around its mean with
Gaussian tails of variance proxy Y, cz. See Exercise 2.10.

Exercise 2.10 (Bounded differences). Let Y = (Y7, ...,Y},) have independent coordinates and
let f be a function such that |f(y) — f(v')| < ¢, whenever y,y differ only in the k-th coordinate.
Show that for every ¢ > 0,

t2
P(f(Y) ~Ef(V)| 2 1) < 2exp (- mk)



Exercise 2.11. Show that
L, —E[L,]
LD

(Hint: take ¢t = 2y/logn in Theorem 1.4(c).)

—0 with probabilityl.

3 Simulations

All simulations were done in R. The random seed was set.seed(2026).

3.1 Computing the longest increasing subsequence

The following function computes L(x1, ..., zy) in O(nlogn) time by patience sorting: the values
are dealt one at a time onto piles, each value going onto the leftmost pile whose top exceeds it
(or starting a new pile on the right). The pile tops are then always increasing from left to right,
the number of piles equals L, and following the back-pointers prev from the top of the last pile
recovers one longest increasing subsequence.

lis <- function(x){
n <- length(x); tops <- numeric(0); topidx <- integer (0)
prev <- integer(n)
for(i in 1:n){
j <- findInterval(x[i], tops) + 1 # leftmost pile with top > x[i]
tops[j] <- x[i]; topidx[j] <- i
prev[i] <- if(j > 1) topidx[j-1] else O
}
L <- length(tops); idx <- integer(L); k <- topidx[L]
for(m in L:1){ idx[m] <- k; k <- prev([k] }
list(length = L, index = idx)
}

On the permutation of Example 1.2:
>pi=c(3,1,4,7,5,8,2,6)
> 1is(pi)

$length
(11 4

$index
[1] 2 3 5 8

The indices 2, 3,5, 8 correspond to the increasing subsequence (1,4,5,6).

3.2 A random instance

Figure 1 shows n = 40 i.i.d. Uniform(0, 1) points (i, X;) with one longest increasing subsequence
highlighted. An increasing subsequence is a chain of points going up and to the right.

3.3 Growth of the mean

For each n € {100,400, 1600, 6400} we generated 500 independent uniform random permutations
(as i.i.d. uniforms) and recorded L, ; the matrix sims has one column per n.
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Figure 1: n = 40 i.i.d. Uniform(0, 1) points (i, X;). In red: one longest increasing subsequence,
of length 9. Here 24/40 =~ 12.6 and ev/40 = 17.2.

ns = c(100, 400, 1600, 6400)

reps = 500

sims = sapply(ns, function(n) replicate(reps, lis(runif(n))$length))
colnames(sims) = ns

apply(sims, 2, mean)

vV V V Vv V

100 400 1600 6400
16.650 35.778 74.270 152.634

> apply(sims, 2, mean)/sqrt(ns)

100 400 1600 6400
1.665000 1.788900 1.856750 1.907925

Each time n grows by a factor 4 the sample mean roughly doubles, consistent with E[L,] ~
cy/n. The ratio L, /+/n increases slowly towards 2 from below, in agreement with the Logan—
Shepp/ Vershik-Kerov theorem and the fact that E[L,] = 2v/n — O(n'/5). Figure 2 compares
the simulated ratio with the bounds of Theorem 1.4.

3.4 The first moment is far from the truth

For n = 10000 and k = 240 (between 2y/n = 200 and ey/n =~ 272) the expected number of
increasing subsequences of length k is astronomically large, although L,, > 240 essentially never
happens.

> n = 10000; k = 240
> exp(lchoose(n, k) - lfactorial(k))

[1] 3.354606e+21
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Figure 2: L,,//n from 500 simulations for each n (red), together with the lower bound 1 and
upper bound e from Theorem 1.4 (dashed) and the true limit 2 (dotted).

3.5 Fluctuations

Theorem 1.4(c) bounds the fluctuations of L, by order y/n. The sample standard deviations

are much smaller and scale like n/6, as predicted by the Baik-Deift-Johansson theorem.

> s = apply(sims, 2, sd)

> tab = rbind(sd = s, "sd/sqrt(n)" = s/sqrt(ms),
+ "sd/n"(1/6)" = s/ns"(1/6))

> round(tab, 3)

100 400 1600 6400
sd 1.613 2.129 2.904 3.680
sd/sqrt(n) 0.161 0.106 0.073 0.046
sd/n~(1/6) 0.749 0.784 0.849 0.854

(The standard deviation of the Tracy—Widom distribution is about 0.90, so the last row is
heading to the right place.) Figure 3 shows the empirical distribution of L,, for n = 6400. Note
the skew: the Tracy—Widom distribution is not symmetric, and the sample mean lies to the left

of 2y/n = 160.

3.6 Code for the figures
For completeness, the plotting commands:

## Figure 1

n = 40; x = runif(n); out = lis(x)

plot(l:n, x, pch=19, col="grey40", xlab="index i", ylab=expression(X[i]))
lines(out$index, x[out$index], col="red", 1lwd=2)

points(out$index, x[out$index], pch=19, col="red", cex=1.3)
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Figure 3: Histogram of L,, for n = 6400 over 500 simulations. The solid line is the sample mean
and the dotted line is 2y/n = 160.

## Figure 2

m = apply(sims, 2, mean)

plot(ns, m/sqrt(ns), log="x", type="b", pch=19, col="red", ylim=c(0.8, 3),
xlab="n (log scale)", ylab=expression(bar(L) [n]/sqrt(n)))

abline(h=1, 1lty=2, col="blue"); abline(h=exp(1), 1lty=2, col="blue")

abline(h=2, 1ty=3, col="darkgreen")

## Figure 3

n = 6400

hist(sims[, "6400"], breaks=seq(min(sims[,"6400"])-0.5, max(sims[,"6400"])+0.5, by=1),
col="1lightblue", border="white", xlab=expression(L[n]))

abline(v = 2*sqrt(n), col="darkgreen", lwd=2, 1lty=3)

abline(v = mean(sims[,"6400"]), col="red", lwd=2)
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