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1 . e. A-can be determined from the outcome of
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An : = class of event A that can be

by time n. .

[include $3
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filtration .

Notation :
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Example : For aI let
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N - 1
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Theorem 1 :. For any stopping time

T : n -> So, ..., NY[Impossibility of
a favorite stopping

E(S +
] = 0

St (i) = S (w) = outcome of the

T(c) trajectory o at

stopping time T(W)

Proof : -
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closel unde compliment
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St=X1(T)
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+ So 1 (T=N
--
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Game system : V
....,

Um : Ren - H

are randon variables . Such that

(Vk = c5 - Ar- CER ,
K= 1

,
2
,

N

)Vn = amount of money you
will place as a bet

[ ]·

in the kit round

· Result in the kit round = VieXn

Sn= Y

impossibility of profitable games
Ineovem? :

For any Vi
,

V
....,

Ver gave saster

Ihin E[S] = 0

Roof : like before

ESSY)= ECvaYi]-

It is enough to show E[VYic = 0.

An Teason
16th toss



Range (Vxl = & C ,
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Place into to sat result
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Impact of There 2 :

T : 12 + 50 ...., Not is a stopping time

· Un = 1(T>,/

Sun
ST [Thewem 2

= Terren1)



· Vk = Say, 1 +z
,
k

C take this (definition
zu zi

. Q
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(w,, ..,
wr-1)

=> Vi
, V

...,
No is a game system.

VrXe = Su-Yn1 +>,r

Observe : · Su = (Say + Xx)

= Say + 2 Si-Xn + Xe
D

= Say +2 Sk-Xn + 1

= OnXe = ISS-1) 1T
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= -Su-
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· -
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S=T)-
Therea 2 = E[S] =o

: By for any T: R+ 2016 :
Not

we have

· = E(SY] = E(ST
= E(Si] = Em-

Therem 1 : E[St) =0
.

-

# var(St) =
ECT)

13 Ruin Problem :

Two playes . Each wilt capital(
Interpret

Segain of playe 1

Ruin (ot playe 11

- [Ca < To ; Fa= N]



where
,
Unz min & K : Su= uf

Define : Ruin Probability

wi =
#)Faf Up ,

Va < N)

Tw = min (La
,
To

,

N)

Ex : To is a stopping time

eren1 = ECSii] = 0 -

Tr=a
# Str= -a

-
We this i G
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+ b) up 7 V = a
& U [N)
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,
0b) >,
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+ ↓ Po(Ruin of Player 2.)=+ E[So 1nin (wa
,
83)7,n]

· U = lie (Run d Pasa1
y Ext

2·

U =
lim Pr(Run & Plasa 2.)
N -)c

Ex

⑪ => 0 = -
av + bu + 0

lim
N-2

= -ar + b0 =0 -

/

v + v = 1 - 6
Ex

⑤ 26 v = b = !
a +b
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1 . 3 Reflection Inciple

Picture Concept : aeN ceNUGol

X

a + c ------

a
-

a - 2-
>

Ta

Ex : For every path of the random walk

after wa:

Each orange path that

lands at a+

there is a "Reflected" path across y = a

green path that land at ac

· /Gwen : Sn = a + c]

= Ihnem : Jaen
,
Sn = a +ch

= I Gwem : Vaen
,
Sn-a-cyl



lemma i : a. CE NUdot
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4) Sn = a+c) = P)Taz
,
Sn = arc)

Theorem 2
->

② N)wa (n) = (Se((-9 ,
a - 13)

⑧ P(a = n) = ( [P(Se = a - 1)
- 4(Sn+1

= s+1)]

&
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=t
X
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T
-

a ~
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=
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,

Sn = b)
& I (raEn

,
Sn = b) +

= be 22
be 22 b. a

by
,
a

Reflection
Apply Lemma 1

. 3 .) Principle
b = a -c

-(=) a + c = 2a - b)



=Plan ,
Sb +E Sn =

2

bE22

ba

(EX)

& (Sn =b) +(S1) ·C)
=

bez2

-b>
,
a

(a =u)[(Sn =b)

= P(Snxa) + ↑(S
-
> al

(Symetin) ↑(S
- >a) + ↑(S-

c - a)

- 4) Sn[ -a
,

a - 13)

⑥ P(da = n) = P(c = n) -
4(0a(n +1)

Ex
I [P(Sn-

= c - 1)
=

- P(Sn = a + 1)]
Epoly)
①

(synnetry)
B

Collars : -a
,
ne

4) Wa = n) = qP(Sn = a)

Plot : Falliaclass :

Pcs =
a -) = 2 (n)

P(Sn = a+1) = 2 - (H)
4 (Se = x = z(n)

(POtheSatorius) (i) = (ii)
·

()= (h)



The > P(ra =r ) = &(Se =al

NEN Va =
min(n1) Snat
Chitting time da) a = 2 /of

(Return (Wo =
min2111 Sezot

time

↓mc

4:Escapfre Oil a (Sz = a

Proof :-

#(00 = 2n) = 1) Site, Sato
, ...,

Santo

Ex

=(Rec
&

2(P(S , 70 , S27o, . . . ,
Sanzo

X # paltes start at 1 &

- =
2 stay positive for 21-1 steps

22n

>

# paltes start at O &

X
= ↓ stay above -1. for 20-1 Step

2n - 1

m 2

>

-

- #patt
start at 02

(Retection stay below I for

21-1 Steps



= 1 - P(d
,

[2n - 1)

Theorem

⑨ = 1 - N) Sen.# (-1 ,
03)

wilh a = 1

E N(S2n -

= -1) =
N(San =o

I

1 Arc Sine laro-last visit to origin in zN

time

L = man (onc 201 Sn =of

C not a stopping time

15"Order of L : fire after which one playe
f

has gain in capital

LIN

Theorems
: ne vof new

L= 2) = z()(2)
=
H(S2n =d) P(Szr -2n

=0



Proof : -

# of palts of length z with L = 2

O

muIn In

= # ofpatso length 2)x)#pats o let-a
T72N-2n

~m
-

2n-In Tosse
neut1st zn tosses -

: P(L = 21) = P(Sz = o) IP) % >IN -m)

(lemna)= P(S2n =1) #)Sci-z = 0)

=(i) Fr)-

= (n) (2)
B

-

Discrete are Sinc law



To understand order

4) <a) =
PLEIN)

"No"

= P(L= 2x)

k= 0

Ex~ Stirling' approximation
I

n ! ~ne

↑

#

=-

=
f : 10 ,

1) -> R

f(x) = 1

At flud a Itia)

= Sta

&2)-earsin


