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2 existence and convergence to stationarity

Recall from earlier Example were we considered a Markov chain Xn on S = {0, 1} with
P (X0 = 0) = µ0 ∈ (0, 1),P (X0 = 1) = µ1 ∈ (0, 1), and whose dynamics is given by
directed graph with S as the vertex set.
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1− α 1− β

with 0 < α,β < 1. We saw that

sup
i∈{0,1}

| P(Xn = i)− π({i}) |≤ C(1− α− β)n,

with the stationary distribution π given by π({0}) = β
α+β and π({1}) = α

α+β . While not
every Markov chain may have a stationary distribution, it is nevertheless true that every
irreducible Markov chain on a finite state space S has a unique stationary distribution. Our
treatment is borrowed from [FW, Lemma 3.1 Page 158] and [LPW, Lemma 1.16, Theorem
4.9].

Theorem 2.1. Let Xn be an irreducible Markov chain on a finite state space S. Then Xn

has a unique stationary distribution.

Proof : We shall first show existence of a stationary distribution. For i ∈ S, a directed
spanning tree on S with root at i is by definition a graph g which satisfies the following
conditions:

(a) g has verices indexed by S,

(b) the edges of g are directed in such a way that for any j ∈ S, there is a unique directed
path from j to i,

(c) i ∈ S does not have outgoing edge and j ∈ S \ {i} has one outgoing edge.

Let G(i) be the set of all directed spanning trees on S with root at i. For every i ∈ S,
define

π0(i) =
∑

g∈G(i)

∏
(j→k)∈g

pjk, (2.1)

where j → k denotes any directed edge in the tree g. As Xn is irreducible each π0(i) > 0.
We shall first verify that

π0(i) =
∑
j∈S

π0(j)pji,∀i ∈ S,
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which is equivalent to showing that

π0(i)
∑
j 6=i

pij =
∑
j 6=i

π0(j)pji (2.2)

or that
(
∑

g∈G(i)

∏
(j→k)∈g

pjk)
∑
j 6=i

pij =
∑
j 6=i

(
∑

g∈G(j)

∏
(k→j)∈g

pkj)pji (2.3)

The equality follows from the following observation, which can be easily verified. Both
sides of (2.3) are equal to

∑
g∈L

∏
(j→k)∈g pjk, where L is the set of all graphs satisfying:

(a) every point k ∈ S has only one directed edge pointing way from k to l, (l 6= k, l ∈ S)

(b) the graph has exactly one closed cycle and i ∈ S belongs to that cycle.

So the normalised version of π0 - defined by π(i) =
(∑

j∈S π0(j)
)−1

π0(i) - will be a
stationary distribution for Xn.

Now we shall prove uniqueness. As S is finite, let π = [π1(1)−π2(1),π1(2)−π2(2), . . .]
be thought of as a row vector. As π is stationary we have

πP = π equivalently π(P− I) = 0 equivalently (PT − I)πT = 0

We will show that the null space of P − I has dimension 1 which will imply that the null
space of PT − I is also one dimension which implies that there is only one probability
vector π that satisfies (PT − I)πT = 0.

Let h : S → R be a solution to Ph = h, with h being thought of as a column vector. Set
M = max{h(i) : i ∈ S} and h(i0) =M for some i0 ∈ S. Suppose pioj > 0 and h(j) < M

then
h(io) = h(j)pji0 +

∑
k∈S,k 6=j

h(k)pkj0 < M(pioj +
∑

k∈S,k 6=j
pki0) =M .

This is a contradiction. Therefore h(j) =M . By irreducibility it follows that h(k) =M

for any k ∈M . Hence the

null space of P − I =


h : h = α


1
1
...
1

 ,α ∈ R


and has dimension 1. �

We will now establish a rate of convergence to stationary distribution for an irreducible
aperiodic Markov chain on a finite state space.
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Theorem 2.2. Let Xn be a Markov chain on S with transition matrix P and initial
distribution µ. Let Xn be irreducible and aperiodic Markov chain with | S |<∞. Let π be
its unique stationary distribution. Then there exist C > 0 and 0 < θ < 1 such that for all
n ≥ 1,

sup
i,j∈S

| pnij − π({j}) |≤ C · θn (2.4)

Proof : Now without loss of generality let S = {1, 2, . . . ,N} for some N ≥ 1. We shall
first show that there exists r ≥ 1 such

prij > 0 for all i, j ∈ S. (2.5)

Since the chain is aperiodic, for each i ∈ S there is ni ≥ 1 such that pnii > 0 for all
n ≥ ni. For each j ∈ S and j 6= i by irreducibility there is a nj such that pnj

ij > 0. Let
r = max{ni : i ∈ S}+ max{nj : j ∈ S}. Then for any i, j ∈ S,

prij ≥ p
r−nj

ii p
nj

ij > 0,

which establishes (2.5). Let 0 < δ < 1 be such that

prij ≥ δπ({i}) > 0,

for all i, j ∈ S. Now without loss of generality let S = {1, 2, . . . ,N} for some N ≥ 1.
Define the matrix ΠN×N by

Π =



π({1}) π({2}) . . . π({N})
π({1}) π({2}) . . . π({N})
π({1}) π({2}) . . . π({N})
...

...
...

...
π({1}) π({2}) . . . π({N})


.

Let θ := 1− δ and define the matrix QN×N by

Q :=
1
θ
(P r + (1− θ)Π).

By construction Q = (qij)1≤i,j≤N is such that 0 ≤ qij ≤ 1 and
∑N
j=1 qij = 1 for all i ∈ S.

Rearranging the above, using the fact that QkΠ = Π andΠP r = Π along with induction
it is easy to see that for all k ≥ 1,

P rk = θkQk + (1− θk)Π.

Version: – September 5, 2026



4

Let n ≥ 1. Then there is k ≥ 1 and 0 ≤ l ≤ r− 1 such that n = rk+ l. We multiply the
above by P l to get

P rk+l = θkQkP l + (1− θk)ΠP l

= θkQkP l + (1− θk)Π,

as π is as stationary distribution. Therefore, by rearranging we have

P rk+l = θk(QkP l −Π).

If we consider each in the matrix equality above and take absolute values we have that for
each i ∈ S we have

prk+jij − π({j}) = θk((QkP l)ij − π({j})), for all j ∈ S.

Consequently, we have

sup
i,j∈S

| pnij − π({j}) |= θk | (QkP l)ij − π({j}) |≤ Cθn,

for some C > 0. �

Now observe that, for any j ∈ S and n ≥,

| P(Xn = j)− π({j}) | =|
∑
i∈S

pnijP(X0 = i)− π({j}) |

=
∑
i∈S
| pnij − π({j}) | P(X0 = i)

≤| S | sup
i,j∈S

| pnij − π({j}) |

Therefore using Theorem 2.2 we have for all n ≥ 1 there is a C > 0 and 0 < θ < 1 such
that

sup
j∈S
| P(Xn = j)− π({j}) | ≤ | S | ·C · θn

Example 2.3. Let Xn be a Markov chain on state space N with transition probabilities
pij = 1 if j = i + 1 (and pij = 0 otherwise). In other words, when Xn = j then
Xn+1 = j + 1 with probability one. This chain may be represented by the graph

Version: – September 5, 2026



2 existence and convergence to stationarity 5
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1

If π were a stationary distribution for Xn then it would have to be that π({i+ 1}) =
π({i}) for all i ≥ 1. But since

∑∞
k=1 π({k}) = 1 this is not possible. Therefore this Markov

chain has no stationary distribution. �

We now state some basic properties on stationary distributions and limiting distribu-
tions.

Proposition 2.4. Let Xn be a Markov Chain with transition matrix P on state space S.

(a) Let n ∈ N. Suppose π is a stationary distribution of Xn then X0
d
= π implies

Xn
d
= π.

(b) Suppose S is a fininte state space. Then any limiting distribution must be stationary.
That is, suppose for some i ∈ S,

lim
n→∞

p
[n]
ij = π(j) for all j ∈ S,

then π is a stationary distribution for Xn.

(c) Suppose S is a finite state space and P is doubly stochastic, (i.e
∑
i∈S

pij = 1 for all

j ∈ S) then the uniform distribution on S is stationary. That is, if π(i) = 1
|S| for all

i ∈ S, then π is a stationary distribution for Xn.

Proof :
(a) As π is stationary, this is immediate from (??) after an inductive argument.

(b) First let us verify under the hypothesis π is a Probability on S. Clearly, 0 ≤ π(j) ≤ 1
for all j ∈ S. ∑

j∈S
π(j) =

∑
j∈S

lim
n→∞

p
[n]
ij = lim

n→∞

∑
j∈S

p
[n]
ij = 1

where the limit and sum may be freely interchanged because S is finite. To verify that π is
stationary we first observe that for any n ≥ 1, by (??) with r = n− 1 and s = 1 we have

p
[n]
ij =

∑
k∈S

p
[n−1]
ik pkj .

Letting n→∞ we have, for all j ∈ S,

π(j) =
∑
k∈S

π(k)pkj .
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Hence π is a stationary distribution.
(c) Let π be a probability on S. If |S| = N and π(i) = 1

N for all i ∈ S, then, for each
j ∈ S, observe that ∑

i∈S
π(i)pij =

1
N

∑
i∈S

pij =
1
N

= π(j).

Also
∑
i∈S π(i) = 1. So π is a stationary distribution of Xn. �

We shall conclude this discussion with a statement on convergence to stationary for
irreducible and aperiodic Markov Chains.

Theorem 2.5. Let Xn be a Markov chain on S with transition matrix P and initial
distribution µ. Assume that Xn is aperiodic and irreducible. If Xn has a stationary
disrtibution π and if P (X0 = i) > 0, then

lim
n→∞

pnij = π(j), (2.6)

for all j ∈ S.

Remark 2.6.

1. Generalisations: If the chain in Theorem 2.5 was periodic with period d > 1, it can
be shown that there exists an integer r with 0 ≤ r < d such that

lim
m→∞

pmd+rij = dπ(j), (2.7)

for all j ∈ S.

2. Let Xn be a Markov chain on S with transition matrix P and initial distribution µ.
Supppose Xn is a irreducible. It can have atmost one stationary distribution π.

We have already seen it is true when | S |<∞. Otherwise this can be reasoned as
follows. Assume that Xn has two stationary distributions π1,π2. Consider a Markov
chain X̃n on state space S with transition matrix P̃ = I+P

2 where I is the identity
matrix. Note that X̃n is an aperiodic and irreducible Markov chain with stationary
distributions π1 and π2 (verify this). Now Theorem 2.5 applied to the chain X̃n

implies that π1 = π2.

3. (Ergodic Theorem) Let Xn be a Markov chain on S with transition matrix P and
initial distribution µ. Assume that Xn is irreducible and aperiodic. For i, j ∈ S, we
have ∑n

k=1 p
k
ij

n
→ π(j) a.e. (2.8)

This is known as the Ergodic Theorem for Markov Chains.
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