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Recall from earlier Example were we considered a Markov chain X,, on S = {0,1} with
P(Xo=0) =po € (0,1),P(Xo =1) = w1 € (0,1), and whose dynamics is given by
directed graph with S as the vertex set.

with 0 < «, 8 < 1. We saw that

sup | P(X, = i) —w({i}) [<C(1—a—B)",
1€{0,1}

with the stationary distribution 7 given by 7 ({0}) = ocﬁ%ﬂ and 7({1}) = ;%5. While not
every Markov chain may have a stationary distribution, it is nevertheless true that every
irreducible Markov chain on a finite state space S has a unique stationary distribution. Our
treatment is borrowed from [FW, Lemma 3.1 Page 158] and [LPW, Lemma 1.16, Theorem

49).

THEOREM 2.1. Let X, be an irreducible Markov chain on a finite state space S. Then X,

has a unique stationary distribution.

Proof : We shall first show existence of a stationary distribution. For ¢ € .S, a directed
spanning tree on S with root at i is by definition a graph g which satisfies the following

conditions:

(a) g has verices indexed by S,

(b) the edges of ¢ are directed in such a way that for any j € S, there is a unique directed
path from j to 4,

(c) i € S does not have outgoing edge and j € S\ {i} has one outgoing edge.
Let G(i) be the set of all directed spanning trees on S with root at i. For every i € S,
define
m(i)= Y II o (2.1)

g€G (i) (j—k)eg

where j — k denotes any directed edge in the tree g. As X, is irreducible each my(7) > 0.
We shall first verify that

ﬂo(i) = Zﬂ'o(j)pji,Vi S S,
JjES
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which is equivalent to showing that

mo(1) Y pij = Y _mo(j)pji (2.2)

J#i J#i
or that
(Y II i) dopi=D0> 11 pri)ps (2.3)
geG(i) (j—k)eg J# J7i g€G(4) (k—j)€g
The equality follows from the following observation, which can be easily verified. Both

sides of (2.3) are equal to 3 ¢, [1(j—k)eg Pjk, where L is the set of all graphs satisfying:

(a) every point k € S has only one directed edge pointing way from k to [, (I # k,l € S)

(b) the graph has exactly one closed cycle and i € S belongs to that cycle.

So the normalised version of my - defined by 7 (i) = (Zjes Wo(j)) mo(i) - will be a
stationary distribution for X,.
Now we shall prove uniqueness. As S is finite, let 7 = [m1(1) — m2(1), 71 (2) — m2(2),. . .]

be thought of as a row vector. As 7 is stationary we have
TP =mn equivalently m(P—-1)=0 equivalently (PT —DNr" =0

We will show that the null space of P — I has dimension 1 which will imply that the null
space of PT — T is also one dimension which implies that there is only one probability
vector 7 that satisfies (PT — I)7T = 0.

Let h: S — R be a solution to Ph = h, with h being thought of as a column vector. Set
M = max{h(i) : i € S} and h(ip) = M for some iy € S. Suppose p;,; > 0 and h(j) < M
then

h(io) = h(j)pjio + Z h(k)prj, < M(pi,; + Z Prio) = M.
kES ki kES ki

This is a contradiction. Therefore h(j) = M. By irreducibility it follows that h(k) = M
for any k € M. Hence the

null space of P—I =<{h:h=a«a ,a € R

and has dimension 1. |
We will now establish a rate of convergence to stationary distribution for an irreducible

aperiodic Markov chain on a finite state space.
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2 EXISTENCE AND CONVERGENCE TO STATIONARITY

THEOREM 2.2. Let X,, be a Markov chain on S with transition matriz P and initial
distribution p. Let X, be irreducible and aperiodic Markov chain with | S |< oco. Let 7 be
its unique stationary distribution. Then there exist C > 0 and 0 < 8 < 1 such that for all
n>1,

s 9l —=({7}) |< 00" (2.4)

Proof : Now without loss of generality let S = {1,2,..., N} for some N > 1. We shall
first show that there exists » > 1 such

pi; >0 for all 4,5 € S. (2.5)

Since the chain is aperiodic, for each ¢ € S there is n; > 1 such that p}; > 0 for all
n > n;. For each j € S and j # 7 by irreducibility there is a n; such that p?jj > 0. Let
r =max{n; : ¢ € S} + max{n; : j € S}. Then for any i,j € S,

Pl > vy pii >0,
which establishes (2.5). Let 0 < § < 1 be such that

for all i,7 € S. Now without loss of generality let S = {1,2,..., N} for some N > 1.
Define the matrix [Tyyn by

~({1h) ~({2}) ... *({N})
~({1H) ({2} ... *({N})
= ~({1) ~({2}) ... =({N})

({1 ~({2}) ... 7*({N})

Let 0 := 1 — 9§ and define the matrix Qyxn by

Q = = (P" + (1—0)1I).

SRS

By construction @ = (gij)1<ij<n is such that 0 < ¢;; <1 and Zé-v:l gij = lforallieS.
Rearranging the above, using the fact that Q*IT = IT andI1P" = IT along with induction
it is easy to see that for all £ > 1,

P = 0FQF + (1 - 0F)TT.
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Let n > 1. Then there is £k > 1 and 0 <[ <7 —1 such that n = rk 4+ [. We multiply the
above by P! to get
Prk-i—l — ek‘Qk’Pl + (1 _ ek)npl
= 08QF P! + (1 — ™)1,

as 7 is as stationary distribution. Therefore, by rearranging we have
PrkJrl — ek(QkPl _ H)

If we consider each in the matrix equality above and take absolute values we have that for

each 7 € S we have

Py = m({j}) = 0*((Q" Py —w({3})), forall j€S.
Consequently, we have

sun | iy —m({5}) |= 6" | (Q°P")i; — m({4}) |< Co",

for some C > 0. [ |

Now observe that, for any j € S and n >,

| P(X =) —n({5}) | =| D_piP(Xo = i) —x({j}) |
€S
= | piy—n({5}) | P(Xo = i)
i€S
<| S| sup | pi; —7({j}) |
i,jES

)

Therefore using Theorem 2.2 we have for all n > 1 there isa C > 0 and 0 < § < 1 such
that

igg!ﬂ’(anj)—ﬂ({j}) |[<|S[-C-0"

ExamvprrLe 2.3. Let X, be a Markov chain on state space IN with transition probabilities
pij = 1if j = i+ 1 (and p;; = 0 otherwise). In other words, when X, = j then
Xn+1 = 7+ 1 with probability one. This chain may be represented by the graph
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2 EXISTENCE AND CONVERGENCE TO STATIONARITY

If  were a stationary distribution for X, then it would have to be that 7({i +1}) =
m({i}) for all i > 1. But since 32, m({k}) = 1 this is not possible. Therefore this Markov

chain has no stationary distribution. [ |
We now state some basic properties on stationary distributions and limiting distribu-
tions.

PRrOPOSITION 2.4. Let X,, be a Markov Chain with transition matrix P on state space S.

(a) Let n € IN. Suppose m is a stationary distribution of X,, then Xy 4 implies

d
X, =.

(b) Suppose S is a fininte state space. Then any limiting distribution must be stationary.

That is, suppose for some i € S,

lim p[ nl =7(j) for all j €8S,

n—oo
then w is a stationary distribution for X,.

(c) Suppose S is a finite state space and P is doubly stochastic, (i.e Zpij =1 for all
€S
j € S) then the uniform distribution on S is stationary. That is, if w(i) = % for all

1 €S, then w is a stationary distribution for X,.

Proof :

(a) As 7 is stationary, this is immediate from (??) after an inductive argument.

(b) First let us verify under the hypothesis 7 is a Probability on S. Clearly, 0 < w(j) <1

for all j € S.
BT [n] _
>orl) = 3 Jim gl = lim 3o =
jeSs jes jes
where the limit and sum may be freely interchanged because S is finite. To verify that 7 is

stationary we first observe that for any n > 1, by (??) with r =n — 1 and s = 1 we have

n—1]
p” S Pl .
keS

Letting n — oo we have, for all j € S,
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Hence 7 is a stationary distribution.
(c) Let 7 be a probability on S. If |S| = N and (i) = + for all i € S, then, for each
j € S, observe that ) )
;ﬂ—(z)pij‘ = N%sz =N m(4)-
Also Y ;cgm(i) = 1. So 7 is a stationary distribution of X,. [
We shall conclude this discussion with a statement on convergence to stationary for

irreducible and aperiodic Markov Chains.
THEOREM 2.5. Let X,, be a Markov chain on S with transition matriz P and initial
distribution p. Assume that X, is aperiodic and irreducible. If X, has a stationary
disrtibution m and if P(Xo =) > 0, then

n—oo

foralljes.

REMARK 2.6.
1. Generalisations: If the chain in Theorem 2.5 was periodic with period d > 1, it can
be shown that there exists an integer r» with 0 < r < d such that

lim p?ijT =dn(j), (2.7)

m—r0o0

for all j € S.

2. Let X, be a Markov chain on S with transition matrix P and initial distribution pu.

Supppose X, is a irreducible. It can have atmost one stationary distribution .

We have already seen it is true when | S |< co. Otherwise this can be reasoned as
follows. Assume that X, has two stationary distributions 71, me. Consider a Markov
chain X,, on state space S with transition matrix P= # where [ is the identity
matrix. Note that X,, is an aperiodic and irreducible Markov chain with stationary
distributions m; and my (verify this). Now Theorem 2.5 applied to the chain X,

implies that 71 = mo.

3. (Ergodic Theorem) Let X,, be a Markov chain on S with transition matrix P and
initial distribution . Assume that X, is irreducible and aperiodic. For i,j € S, we
have

n__pk
Li=1 Py —m(j) ae. (2.8)
n

This is known as the Ergodic Theorem for Markov Chains.
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