Mathematical Methods - Differential Equations ~ Semester [ 2023/24 Homework 2- Part 2
https://home.icts.res.in/~athreya/Teaching/mmethods

Due: Thursday October 12th, 2023, 1pm
Problems Due: 1, 4(a), 4(c), 5(c)

[AWH] Arfken, George B and Weber, Hans J and Harris, Frank E Mathematical methods for physicists:
a comprehensive guide Academic press, 2011.

1. Exercise 7.2.2 in [AWH]
2. Exercise 7.2.13 in [AWH]
3. Exercise 7.2.18 in [AWH]

4. Let a e R,b e R. f:[b,00) x R — R be a continuous function and z : [0co) — R solve

x(t) = a—l—/o f(ryz(r))dr.

Solve for x when

(a) a=b=0and f(t,z) = =3z +t+e 2.

(b) a=3,b=1and f(t,z) = -2z +t> —t+1.

(¢) f(t,x) = —ax + Bexp(—yt) with a,y > 0 and 5 € R.
In each case decide if there is a limiting equilibrium.

5. Let 7 : [0,t] = R be a continuous function. Solve for x : [0cc) — R when

(@) C2(t)+r(t) =0for t >0

(b) T2(t) —a(t) +r(t) =0 for t > 0
(¢) L2(t) +x(t) +r(t) =0 for t >0
(d) LE(t) + (t) + cos(t) = 0 for t > 0


https://home.icts.res.in/~athreya/Teaching/mmethods

Book keeping Exercisesﬂ

1. Let f :[0,00) Xx R = R be a continuous function and Lipschitz in 2 uniformly over ¢t. Let a € R
and set zo(t) = a for all t > 0. Define for n > 1,t > 0,

t
zn(t) =a +/ f(r, zn_1(r))dr.
0
(a) Fix M > 0 show that there is a C7,Cy > 0 such that

Cyt" Tt
n+ 1!

| Zng1(t) — zn(t) ‘S Ch

forall 0 <t < M.
(b) Conclude that z,(-) converge uniformly for ¢ € [0, M] to a function x(-) which satistfies

w(t)=a+ / f(ra(r)dr

for all ¢ € [0, M].

(¢) Using Gronwall’s lemma show that there is a unique z satisfying

t
st)=a+ [ fratr)ir
0
for all t € [0, M] and for any M > 0.

2. Let m € R, p,q,x : [0,00) = R be such that z solves the Bernoulli ODE given by

Ty prt gz =0

for t > 0. Suppose z(t) = 17 (t) makes sense for all t > 0

(a) Write down a ODE solved by z.
(b) Write down a general solution z to the ODE.

(¢) Solve for z.
3. Let p,q : [0,t] — R be continuous functions. Consider

2:E X
V= {z:[0,00) > R: Z?(t) +p(t)2—t(t) +q®)a(t) = 0 for £ > 0.}

Show that V' is a 2-dimensional vector space over R.
4. Let p,q,r : [0,t] — R be continuous functions.
(a) Suppose ¢ : [0,00) — R\ {0} solves the homogeneous second order linear ODE

2, .
(cil?(t) +p(t)((ijt(t) +q(t)z(t) =0

for ¢ > 0 then show that another linearly independent solution is given by

t s
1
vit) = 0(0) | g exn(= [ p(ryaris
0 s 0
IThese will not be part of deliverables as far as quiz or midterms or finals. The results will be used and the proofs will
help in understanding of the subject.




(b) Suppose ¢; : [0c0) — R\ {0} are two Li. solutions of the homogeneous second order linear
ODE

2x x
3 (0) ()5 (6) + alt)x(t) =0
for t > 0 then show that
e [C 080 - b))

solves

@’z t t dx t t)x(t t)=0

2z O+ (1) () +a(t)z(t) +7(t) =
fort >0



