Mathematical Methods - Differential Equations Semester I 2023 /24 Worksheet 1710- Part 2
https://home.icts.res.in/~athreya/Teaching/mmethods

Due: Thursday October 17th, 2023, 3:30pm

1. (Frobenius Method) Let R > 0 and p,q,x : (—R, R) — R solve the differential equation

T (1) (1) 5 1) + a(1)ar) = 0, (1)

for t € (=R, R). Assume that tp and t2q are analytic functions in (—R, R), i.e.

[ee] oo
tp(t) =Y pit*,  and £q(t) =Y qut¥,
k=0 k=0
for t € (—R, R) with py,qr € R for k > 0. Suppose
a(t) =t at?
k=0

forsomez/ER,ao#O,andakERforkZlisasolutiontof0r0<t<R.

(a) Show thaiﬂ forn=0,1,2,...

n—1
an [(v+n)(v+n—1)+ (v+n)po + g0l + > ar [(V+ E)pn—k + ga—k] =0
k=0
and consequently that v should a solution to
v(v—1)+vpy+qo=0. (2)

is called the Indicial equation.
(b) (Frobenius Series) Assume that the Indicial equation has two real roots vy, vs.

i. Let v1 > vo. Then show that

o0
a(t) =) axt
k=0

is a solution for 0 < ¢t < R, with all the a; being determined once ag # 0 and v are given.

ii. Let v; > 15 and suppose v; — 15 is not an integer. Then show that
o0
o(t) =172y byt
k=0

is a solution for 0 < ¢ < R with all the by being determined once by # 0 and vy are given.

1 Hint: Use via the Cauchy Product

[e%S) n—1 [e%s) n—1
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n=0

n=0 k=0 k=0


https://home.icts.res.in/~athreya/Teaching/mmethods

