
Lecture 4: The First Moment Method

Scribe: Manan Bhatia

1 Introduction

The distribution of a random variable (vector) is often hard to understand,
but gaining approximate information is often enough for many problems.
Instead of trying to understand the distribution itself, a well-chosen scalar
statistic of a random configuration is often more tenable.

Suppose that we have a random variable X, which represents a scalar
statistic of our original random configuration. Calculating the moments
(EXn) of the random variable X is easier than trying to understand the
law of X directly, and it is actually enough to do so in many circumstances.
Calculating the moments exactly might not be easy, but it might be easier
to atleast exactly calculate the first few moments and bound the rest.

Actually, under fairly general conditions, the sequence of moments actu-
ally determines the random variable itself. One of such sufficient conditions,
as found in Billingsley’s book[2], is the following:

Theorem 1.1. Suppose that X is a real valued random variable with
a given sequence of moments {αk}. If the power series

∑
k αk

rk

k!
has a

positive radius of convergence, then the law of X is determined by its
moments.

Insted of trying to find the entire sequence of moments, we will see that for
non-negative integer valued random variables, the first moment itself suffices
to bound the probability of the random variable being positive. Indeed, using
the first moment method just means using the following simple fact:

Fact 1.2. Suppose X is a non-negative integer valued random variable.
Then we have P(X > 0) ≤ EX

Proof. The event {X > 0} is the same as the event {X ≥ 1}. Now, use
Markov’s inequality.

In the next few sections, we see the first moment method in action.
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2 Coloring Chains

Suppose that G = (V,E) is a fixed finite graph. For a natural number q,
a proper q-coloring of G is an assignment of colors to V such that no two
neighbouring vertices are assigned the same color. A q-coloring of G is any
assignment of colors to the vertices of G. Given a graph and a natural
number q, it is interesting to ask if the number of proper q-colorings can be
calculated efficiently. However, this problem is known to be computationally
hard. Instead, one can ask if there is an efficient method of calculating this
quantity in an approximate fashion?

For this, it might be useful to construct a Markov chain over the space of
all colorings of G, whose stationary distribution coincides with the uniform
distribution on the space of all proper colorings of G. If we wait long enough
for the chain to mix, we might be able to glean some information about the
number of proper colorings.

From now on, we abandon the problem of approximately calculating the
number of proper q-colorings, but instead focus on finding a Markov chain
with the above stationary distribution and studying the time that it takes to
mix.

Exercise 2.1. (Metropolis chain) Given a finite graph G, and a natural
number q, start with any proper q-coloring of the graph. Pick a vertex
v and a color k uniformly at random and independently. Now, replace
the color of v by the color k if it is allowed, that is, if no neighbour of
v currently has the color k. The Markov chain defined above is called
the Metropolis chain.
Let ∆ be the maximum degree of a vertex in G. Show the following:

1. If q ≥ ∆ + 1, then there exists a proper q-coloring of G.

2. If q ≥ ∆ + 2, then the Metropolis chain is irreducible.

3. The stationary distribution of the Metropolis chain is uniform on
the set of proper q-colorings of G.

Solution.

Part 1. We proceed by induction. The statement is clear for the case when
the graph has only one vertex and no edge. Now, suppose that we have
proved the claim for all graphs G′ with |G′| ≤ n. Consider a graph G of
n + 1 vertices. Arbitrarily choose n vertices of G and let G′ be the induced
subgraph on them. Using the induction hypothesis, we can get a proper q-
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coloring of G′ since q ≥ ∆G + 1 ≥ ∆G′ + 1. Now, the only remaining vertex
of G has a maximum of ∆G neighbours. Since q ≥ ∆G + 1, we can color the
remaining vertex such that there is no conflict with its neighbours.

Part 2. Since we can handle connected components separately, we can assume
that the given graph is connected. We are given two proper q-colorings η1

and η2 of G = (V,E) and we need to transform from one to the other via
the Markov chain. Suppose that we have managed to transform a vertex set
V ′, which is connected with respect to the subgraph induced on it by G, into
its final color configuration. Now, pick a vertex v /∈ V ′ which is adjacent
to a vertex in V ′. Let A be the neighbours of v in V ′, and let B be the
neighbours of v outside V ′. Let the final color of v be called red. Since the
final configuration η2 is proper, red doesn’t clash with any of the present
(and final) colors of the vertices in A. Let b ∈ B, if it exists, be such that
b is currently colored red. Since b has at most ∆ neighbours in G, there is
at least once color excluding red to which b can turn in to without clashing
with its neighbours. This is just because q ≥ ∆ + 2. We sequentially do
this process of changing the colors of red colored b ∈ B until there are no
such red colored b’s left. At this point, v does not have any red neighbour
and we can safely color v with red and enlarge the set V ′ by one vertex. At
the beginning when V = φ, we can choose any vertex v to start with, and
continue the process until V ′ = V . This completes the argument.

Part 3. To verify that the uniform distribution on the space of proper q-
colorings is stationary, we check the detailed balance equations. This amounts
to checking that P (x, y) = P (y, x) where P is the transition matrix and x, y
are any two proper q-colorings. If x and y differ in more than one vertex, it
is immediate that P (x, y) = P (y, x) = 0. IF x, y differ in one vertex v then
P (x, y) = P (y, x) = 1

q|V | .

We now have a theorem saying that the chain does indeed mix fast if the
number of available colors is sufficiently greater than the maximum degree.

Theorem 2.2. Denote |V | by n. If q > 3∆, then tmix = O(n log n).

Proof. Couple the chains starting from x and y by using the same (vertex,
color) pair for both the chains. For a pair of colorings (x, y), define the
statistic ρ(x, y) =

∑
v∈V 1x(v)6=y(v) counting the number of vertices where x

and y are not matched. The difficulty is that the number of mismatches does
not behave in a monotonic way as the chain progresses through time.
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However, we can make progress by looking at the local picture around
a given configuration. Suppose that we start the coupled chains from two
configurations (x, y) which differ in only one vertex, that is, ρ(x, y) = 1. Let
(Xx

n , X
y
n)n∈N∪{0} denote the coupling. Then, we have the following:

P(ρ(Xx
1 , X

y
1 ) = 0) ≥ 1

n
× q −∆

q

P(ρ(Xx
1 , X

y
1 ) = 2) ≤ ∆

n
× 2

q

In the first equation, the factor of 1
n

comes from choosing the vertex where
the mismatch is present, and the probability that a neighbour’s color is not
chosen is at least q−∆

q
. To increase the number of mismatches to 2, it is clear

that the change must happen in a neighbour of the currently mismatched
vertex. In the second equation, the probability that a neighbour of the
mismatched vertex is chosen is at most ∆

n
, whereas the probability of the

chosen color being one of the currently mismatched colors is at most 2
q
. Using

the above equations, we can get expected value of ρ after one step in time.

E(ρ(Xx
1 , X

y
1 )|ρ(x, y) = 1) ≤ 0× q −∆

nq
+ 1×

(
1− q −∆

nq
− 2∆

nq

)
+ 2× 2∆

nq

=

(
1− q − 3∆

nq

)
It can be seen that the final expression is between 0 and 1 in the regime
q > 3∆. Now, given any two proper colorings, we can get a sequence of
colorings (not necessarily proper) such that adjacent pairs differ only at one
vertex. Precisely, for any proper colorings x and y, we can get x = x0 =
x1 = · · · = xl = y such that ρ(xi, xi−1) = 1. Notice that the xi’s might not
be proper colorings, but this does not matter for us as we can define the
Markov chain on the space of all colorings. The Markov chain just changes
the color of the chosen vertex if the new color does not cause conflicts with the
neighbourhood of the chosen vertex. Using this, we can bound the expected
number of mismatches between x and y as time progresses.

E(ρ(Xx
1 , X

y
1 )) ≤

∑
i

E(ρ(Xxi
1 , X

xi−1

1 )) ≤
(

1− q − 3∆

nq

)
ρ(x, y)

=⇒ E(ρ(Xx
t , X

y
t )) ≤ ρ(x, y)

(
1− q − 3∆

nq

)t
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Using the obvious inequality ρ(x, y) ≤ n, we can see the right side being
upper bounded by ne−

ct
n . Hence, on taking t > C(q,∆)n log n, we get that

E(ρ(Xx
t , X

y
t )) ≤ 1

4
. Using Markov’s inequality, we finally get that P(τcoup >

t) ≤ 1
4

Remark 2.3. In the above theorem, the 3∆ is not optimal. Using another
coupling argument, one can show the theorem for 11

6
∆. It seems plausible

that (1 + ε)∆ should also work for any ε > 0.

Exercise 2.4. (Hardcore Model) Fix a finite graph G = (V,E). Con-
sider functions σ : V → {0, 1} such that σ(v)σ(w) = 0 for all v ∼ w.
Essentially, the set of vertices where σ is one, form an independent set.
Given λ > 0, define a probability measure on the space of all such σ
by the following:

P(σ) =
λ
∑

v σ(v)∑
σ λ

∑
v σ(v)

Intuitively, λ = 1 gives the uniform measure on all independent sets
whereas λ > 1 assigns higher mass to larger independent sets. Since we
really are concerned with maximal independent sets in practise, such
a measure looks promising. In the limit λ → ∞, the above measure
looks like the uniform measure on the maximal(in size) independent
sets.
Now, we define a Markov chain on the set of all independent sets. This
chain has the above distribution as its stationary distribution. This
Markov chain is referred to by the term ‘Glauber Dynamics’. In the
course of this chain, a vertex is chosen uniformly at random from the
whole graph G. Now, with probability 1

1+λ
, the σ-value of the vertex

is set to 0, and with the remaining probability, the σ-value is set to 1
if none of the neighbours of the vertex have already been assigned a 1.
Now, show the following:

1. Check that this chain has the correct stationary distribution.

2. Let ∆ be the maximum degree of a vertex in G, and let n = |V |.
Show that if λ < 1

∆−1
, then tmix = O(n log n)

Solution.

Part 1. Let P denote the transition matrix of the chain. We denote both
functions and independent sets by σ. We will show the detailed balance
equations. Notice that P (σ1, σ2) = 0 if σ1 and σ2 differ in more than one
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vertex. Now suppose that σ2 = σ1 ∪ {v}. Let π(σ) denote the numerator
for the expression for P(σ). We only care about the numerator in the de-
tailed balance equations since the denominator is just for rescaling. Now,
π(σ1)P (σ1, σ2) = λ

∑
v σ1(v) × 1

n
× λ

1+λ
. On the other hand, π(σ2)P (σ2, σ1) =

λ
∑

v σ2(v) × 1
n
× 1

1+λ
. Since

∑
v σ2(v) =

∑
v σ1(v) + 1, the two expressions are

equal and we are done.

Part 2. We proceed just as in the previous exercise. We couple two such
chains by using the same randomness for both the choices. Define ρ(σ1, σ2)
to be the number of vertices on which σ1 and σ2 take different values. Suppose
that σ1 and σ2 are allowed functions differing in only one vertex, that is, the
ρ distance between them is 1. Let (X1

n, X
2
n)n∈N∪{0} be the coupled chains

with σ1 and σ2 as the initial distributions. Then, we have

P(ρ(X1
1 , X

2
1 ) = 0) =

1

n
× 1

P(ρ(X1
1 , X

2
1 ) = 2) ≤ ∆

n
× λ

1 + λ

The second equation comes from the fact that ρ(σ1, σ2) can increase only if
we try to add a 1 at a vertex which is adjacent to the extra vertex which is
present in σ2 but not in σ1. Using this, we get:

E(ρ(X1
1 , X

2
1 )|ρ(X1

0 , X
2
0 ) = 1) ≤ 0 + 1

(
1− 1

n
− λ∆

n(1 + λ)

)
+ 2

(
λ∆

n(1 + λ)

)
= 1−

(
1 + λ(1−∆)

n(1 + λ)

)
We can easily see that the right hand side is less than one only if λ < 1

∆−1
.

Now, we restrict λ to this regime.
Just as the previous theorem, we can now get a list of independent sets

between any two σ1 and σ2 such that adjacent independent sets differ in only
one vertex. This can be done by removing all vertices from the independent
set and then rebuilding the new independent set from scratch. Using the
above expression for the expectation along with the triangle inequality for ρ
gives that

E(ρ(X1
t , X

2
t )) ≤ ρ(x, y)

(
1− 1 + λ(1−∆)

n(1 + λ)

)t
We know that ρ(x, y) ≤ n. Also, the term on the right looks like ρ(x, y)e−

ct
n .

Hence, we can take t > C(∆)n log n to get E(ρ(X1
t , X

2
t )) ≤ 1

4
. Using this

along with Markov’s inequality, we get that P(τcoup > t) = P(ρ(X1
t , X

2
t ) >

0) ≤ 1
4
.
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In the above theorem and exercise, there were a number of interesting
techniques that were used. To make things explicit, we list them:

• We were able to find a statistic, albeit local in nature at first, which
decreased on average as the Markov chain progressed in time. Such
statistics are called contractions.

• We were able to link two distant configurations by a finite list of config-
urations such that two successive configurations were almost the same.

• Finally, at the end of the arguments, we used the first moment method
(Markov’s inequality).

To see more illuminating examples of the first moment method, and to mo-
tivate the need for the second moment method, we move on to the realm of
random graphs.

3 Random Graphs

The Erdos-Renyi random graph G(n, p) refers to a random subgraph of Kn

such that each edge is present independently with probability p. We will only
talk about the Erdos-Renyi random graph. We define a monotone property
to be a graph property which continues to hold if more edges are added to the
graph. Connectedness, and the existence of a given subgraph are examples
of monotone properties. It is easy to see that for a non-trivial monotone
property A, Pp(A) is 0 if p is 0, and is 1 if p is 1. If p1 < p2, we can take a
unif[0, 1] random variable for each edge in Kn and couple the models for p1

and p2 by keeping an edge in the ith model if the uniform random variable
gives a value less than pi. This coupling shows us that Pp(A) increases
monotonically with p for any monotone property A.

Given a monotone property A for the Erdos-Renyi graph on n vertices, we
define p∗ = p∗(n) to be a threshold function for A if the following equations
are satisfied:

Pp(A)→ 1 as n→∞ and p� p∗

Pp(A)→ 0 as n→∞ and p� p∗

Exercise 3.1. Show that every non-trivial monotone property for the
Erdos-Renyi random graph has a threshold function.
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Solution. Let the monotone property be denoted by A. If we fix n in G(n, p),
then Pp(A) is polynomial in p because A is satisfied by only finitely many
configurations, each of which is a certain combination of independent edges
occurring with probability p. Since the monotone property is non-trivial,
P(A) is 0 if p = 0, and is 1 if p = 1. Hence, by the continuity of a polynomial,
there exists a function p0(n) such that Pp0(A) = 1

2
for all n. Now, suppose

that p < p0/m, where m = m(n). Suppose that G1, . . . , Gm are independent
instances of G(n, p). If we consider the union of the Gi, then an edge is
absent from the union if and only if it is absent in all the Gi. Independence
of the instances yields:

M = G1 ∪G2 ∪ · · · ∪Gm ∼ G(n, 1− (1− p)m)

Since (1 − p)m ≥ 1 − pm = 1 − p0, we have that 1 − (1 − p)m ≤ p0, giving
that P(M ∈ A) ≤ 1

2
. Hence, we have that

1

2
≤ P(M /∈ A) ≤ P(Gi /∈ A ∀i) = (1− Pp(A))m

Now, it is clear that Pp(A) ≤ 1 − 2−
1
m which can be made arbitrarily small

as m→∞.
For the other direction, for i = 1 to m, let Gi ∼ G(n, p0) be independent.

Now, define M as their union. Just as before, we get that M ∼ G(n, 1− (1−
p0)m). Now, we get that

1−Pmp0(A) ≤ 1−P1−(1−p0)m(A) = P(M /∈ A) ≤ P(Gi /∈ A ∀i) = (1−Pp0(A))m

Hence, we have that Pmp0(A) ≥ 1 − (1 − Pp0(A))m = 1 − 1
2m

and the right
side goes to 1 as m→∞.

Now, we try to calculate the thresholds of a couple of monotone proper-
ties.

3.1 Existence of triangles

We are interested in the monotone property of there existing a triangle (K3)
as a subgraph of our random graph G. It is easy to see that the expected
number of triangles is

(
n
3

)
p3 which is roughly like (np)3 upto factors. As a

heuristic, we would expect triangles to appear when the above number is of
order 1. Hence, it is reasonable to expect p∗ = 1

n
. Let ∆ denote the number

of triangles in the graph. We have the following:

P(∆ > 0) ≤ E(∆) =

(
n

3

)
p3 ≤ n3p3

6
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It is easy to see that the rightmost expression goes to 0 as p
p∗
→ 0. Hence,

we have successfully used the first moment method to show the second re-
quirement of 1

n
being the threshold function.

However, we cannot hope to use the information about E(∆) to conclude
the first requirement. The reason is that we if the expectation of a non-
negative integer valued random variable is large, then we cannot conclude
that the random variable is positive with overwhelming probability. This is
because a huge value occuring with very small probability might still cause
the expectation to be huge. An example from Alon and Spencer’s book[1]
says that the expected number of deaths in the next year due to nuclear war
should be pretty high but the probability of there being an actual nuclear
war in the next year is believably quite low.

For the case of the existence of triangles, the correct threshold is 1
n

and this
can be shown by the second moment method. The second moment method
basically relies on making sure that the variance of the random variable is
not too large, thereby allowing us to conclude that the random variable is
typically reasonably close to its mean. In the next example, we will see a
situation where a large mass does occur with a small probability leading to
our guess of the threshold being wrong.

3.2 Connectivity

We wish to find the threshold for the property of the Erdos-Renyi graph
being connected. Since a graph is connected if and only if it has at least one
spanning tree, we can take our statistic to be the number of spanning trees.

Exercise 3.2. Show that the number of spanning trees of Kn is equal
to nn−2.

Solution. We will use the matrix-tree theorem. First, calculate the Laplacian
of Kn which is the matrix containing the degrees of vertices on its leading
diagonal and containing −1 at (i, j) if i ∼ j as vertices. Hence, the Laplacian
of Kn is the n × n matrix with n − 1 on its diagonal and −1 in every off
diagonal location. By the matrix-tree theorem, we need to calculate the
determinant of the top left (n − 1) × (n − 1) submatrix. In this submatrix,
add the last n − 2 rows to the first row to make the first row consist of 1’s.
Now, add the first row to every other row to get a matrix with 1’s in the
first row and (n − 1)’s in every remaining place on the leading diagonal. It
is easy to see that the determinant of this matrix is nn−2.
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Denote the number of spanning trees in the random graph by T . Using
the above exercise, we get that E(T ) = pn−1nn−2. Hence, it seems plausible
that p∗(n) = 1

n
. Using the first moment method, we can now immediately

conclude that p � 1
n

implies that P(T > 0) → 0 as n → ∞. However,
this time, our guess did not give the correct threshold. The reason for this
is that as soon as a graph is connected, a large number of spanning trees
appear. This is a typical example of a situation where a large mass has a
small probability which drives up the expectation. The actual threshold for
connectedness is logn

n
and we can actually use the first moment method on a

fancier statistic to show that one of the requirements of being a threshold is
indeed satisfied.

To be specific, let Ck denote the number of connected components of size

k in our random graph. Define C :=
∑[n

2
]

k=1Ck, where [.] denotes the greatest
integer function. It is easy to see that C = 0 if and only if the graph is
connected. Also, by the linearity of expectation, we immediately have the
following inequality:

E(C) ≤
[n
2

]∑
k=1

(
n

k

)
(1− p)k(n−k)kk−2pk−1

In the above inequality, we first have
(
n
k

)
ways to choose a set of k vertices.

After doing that, the k vertices must not have an edge connecting any of
them to the remaining n− k vertices of the graph, thereby giving a factor of
(1− p)k(n−k). The factor of kk−2pk−1 comes from the presence of a spanning
tree in a component of size k.

Exercise 3.3. Show that if p = logn
n

+ c(n)
n

, then E(C) → 0 as n → ∞
if c = c(n)→∞ as n→∞.

Solution. Suppose that p = logn
n

+ O(1)
n

. Using the inequalities
(
n
k

)
≤
(
ne
k

)k
and e−x ≥ 1− x, along with the above inequality for the E(C), we get

E(C) ≤ 1

p

[n
2

]∑
k=1

(en)ke−pk(n−k)pk

≤ n

[n
2

]∑
k=1

(O(log n)e−np+kp)k
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Substituting p = logn
n

+ c
n
, we get the following:

E(C) ≤ n

[n
2

]∑
k=1

(
O(log n)e− logn+ k

n
logn−c+ kc

n

)k
Since k is at most n

2
, the negative exponent term containing log takes over

the positive exponent term. If k > 1, the − log n in the exponent turns
into −2 log n = − log n2 which is enough to handle the n hanging outside
the expression, along with the O(log n) sitting inside the expression. The
sum taken from 2 to ∞ looks like logn

n

(
1 + 1

n
+ 1

n2 + . . .
)

and the geometric
series is convergent anyways as long as n > 1. The upshot is that even for
a constant c > 0, the sum from 2 to [n

2
] goes to 0 as n → ∞. The business

about c = c(n)→∞ concerns only the 1-components, which are the isolated
vertices.

In the case k = 1, the expression from the first inequality concerning
E(C) is:

E(C1) = E(# of isolated vertices) ≤ n(1− p)n−1 ≤ ne−p(n−1)

On substituting p = logn
n

+ c
n
, we get that the above is at most

ne−
logn
n

(n−1)−cn−1
n

Using this, we get that this is roughly e−c which goes to 0 as c→∞.

In the above exercise, we showed that one requirement of being the thresh-
old for logn

n
is satisfied. Actually, instead of taking p � logn

n
, we only took

p = logn
n

+ c
n

where c goes to ∞ with n. Since, 1
n

= o
(

logn
n

)
, this hints that

the threshold might actually be sharp. In the next lecture, we will actually
establish that the actual threshold is logn

n
which is sharp. We will do this

by considering p = logn
n
− c

n
where c = c(n) → ∞ as n → ∞. We want to

show that the probability of there existing an isolated vertex goes to 1 in this
regime. Intuitively, if X = C1 denotes the number of isolated vertices, then
we know that EX is large in this regime, but to show that a typical value is
also large, we need to have an upper bound on the variance. We will remedy
this by showing that Var(X) = o((EX)2) in this regime, thereby implying
that the graph is asymptotically almost surely not connected.
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